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3D hydrodynamic turbulence

H =

Z
u(x) · !(x)d3x

E =

Z
u(x) · u(x)d3x

@u

@t
+ (u ·r)u = �rp

⇢
+ ⌫r2u+ f ,

r · u = 0.

• Navier-Stoke’s equations for incompressible flow 

• Energy, positive definite, 

• Helicity, pseudoscalar, not sign-definite (Betchov 1961; Moffatt 1969)  

• Energy cascades from large scales to small scales 

• For helical flows, there is joint forward cascade of energy and helicity (Chen 2003).  

See 

• The degree of knottiness of tangled vortex lines, H. K. Moffatt, J. Fluid Mech. 35, 117 (1969). 

• Helicity in laminar and turbulent flow, H. K. Moffatt and A. Tsinober, Annu. Rev. Fluid Mech. 24, 281 (1992).



Inverse energy cascade in 3D

• Making the helicity sign-definite, we observe inverse cascade of energy.

• By projecting the velocity field on helically polarised waves of with one sign of helicity,  
helicity could be made sign-definite. 



Navier-Stokes equations
• We performed DNS of 3D Navier-Stokes equations in Fourier-space 

• For incompressible flows, u(k) has two degrees of freedom, since k . u(k) = 0. 

• Following Waleffe (1992) we write  u(k) as  
sum of projections on the orthonormal helical waves with definite sign of helicity.

u(k, t) = a+(k, t)h+(k) + a�(k, t)h�(k)

⌘ u+(k, t) + u�(k, t)
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where Ni(q) =
X

q=k+p

ikjui(k)uj(p)

Helical-decimated Navier-Stokes equations

I Decimated Navier-Stokes equations in Fourier space:

@tu
±(k, t) = P±(k)Nu±(k, t) + ⌫k2u±(k, t) + f

±(k, t)

where ⌫ is kinematic viscosity and f is external forcing.

I The nonlinear term containing all triadic interactions

Nu±(k, t) = FT (u± ·ru

± �rp)



Classes of triadic interactions in NS equations 

• There are 8 possible triads divided 
into 4 classes. 

• Energy and helicity are conserved 
for each individual triad. 

   Waleffe PoF  A 4 (2) (1992), 
   Moffat JFM 741, R3 (2014). 

• The Class-I of triads made of 
helical modes of same sign results 
in inverse energy transfer.  
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F-type: When large wavenumbers have same sign, middle one is unstable 
and could transfer energy to both small and large wavenumbers;  
• predominantly to the smallest wavenumber if it has the same sign [Class-I (+, +, +)]. 
• mixed transfer if smallest wavenumber has the opposite sign [Class-II (+, -, -)].

R-type: When large wavenumbers have opposite sign, smallest one is 
unstable and could transfer energy only to large wavenumbers, for both 
Class-III (+, -, +) and Class-IV (-, -, +).

p unstable (R-type)

u+(p)

u+(k)

u+(q)

I

u-(p)

u+(k)

u-(q)

u-(p)
u+(k)

u+(q)

u-(p)

u-(k)

u+(q)

k unstable (F-type)

Helical-decimated Navier-Stokes equations

Nu±(k, t) = FT (u± ·ru± �rp)

Nu±(q) = FT
⇥
u±(k) ·ru±(p)

⇤
;q = k+ p; k  p  q

I Four classes of
nonlinear triadic
interactions with
definite helicity signs
under helical
decomposition of NS
equations; k  p  q.

I Energy and helicity
are conserved for
each triads.

II III IV

Can direct and inverse cascade of energy co-exist?
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Helical-decimated Navier-Stokes equations

Nu±(k, t) = FT (u± ·ru± �rp)

Nu±(q) = FT
⇥
u±(k) ·ru±(p)

⇤
;q = k+ p; k  p  q

I Four classes of
nonlinear triadic
interactions with
definite helicity signs
under helical
decomposition of NS
equations; k  p  q.

I Energy and helicity
are conserved for
each triads.

What happens in between??  
when we give different weights to different class of triads…Helical-decimated Navier-Stokes equations

I Modified projection operator:

P+
↵ (k)u(k, t) = u+(k, t)+✓↵(k)u�(k, t)

where ✓↵(k) is 0 with probability ↵
and is 1 with probability 1� ↵.

I We consider triads of Class-I with
probability 1, Class-III with probability
1� ↵ and Class-II and Class-IV with
probability (1� ↵)2.

I ↵ = 0 ! Standard Navier-Stokes.
↵ = 1 ! Fully helical-decimated NS.

I Critical value of ↵ at which forward
cascade of energy stops?
alternatively, inverse cascade of energy
stops if forced at small scales.

Pseudo-spectral DNS on a triply periodic
cubic domain of size L = 2⇡ with resolutions
upto 5123 collocation points.

Note: We still have infinitely many triads, in the limit of infinite Re.



Robustness of energy cascade 

• Spectra for all values of α showing 
k-5/3 suggest the forward cascade of    
to be strongly robust. 

• Unless we kill almost all the modes of 
one helicity-type energy always finds 
a way to reach small scales. 

• The energy flux also remains 
unaffected by the decimation until   
 α  is very close to 1. 

• Critical value of α  is ~ 1 !

• Modes with opposite helicity act like 
catalysers for the forward energy 
transfer. 
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Restoration of parity invariance

• The E+(k) does not change with decimation.  

• Fewer the negative helical modes, more energetic they are,   
to restore the explicitly broken parity invariance! 

• Triads of Class-III and Class-IV are more effective than Class-I. 

Chen, Phys. Fluids 2003

Thank you!

E±(k) ⇠ C1✏
2/3
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◆
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�
,

where ✏E is the mean energy dissipation rate
and ✏H is the mean helicity dissipation rate.

I As we increase ↵, the contribution of triads leading to inverse
energy cascade grows.

I Only when ↵ is very close to 1 inverse energy cascade takes
over the forward cascade.

I Critical value of ↵ may have Reynolds number dependence!

I Can both forward and inverse cascade co-exist?

I What about intermittency in the forward cascade regime at
changing ↵.
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Intermittency

α=0 α=0.5 α=0.5 (static)

Isovorticity surfaces

α=0.0

• Intermittency reduces significantly even 
when 10% of u- modes are removed. 

• Extreme events of dissipation and the  
vortex tubes disappear.  

• It reduces further and seems to be 
saturated with increasing α.  

• Presence of all helical modes is crucial 
for intermittency.

α=0.5



Helical condensates

8

FIG. 7: (Color online) Iso-vorticity surfaces for: (a) kf = [10, 12], km = 4, (b) kf = [4 : 6], km = 16. Color palette is
proportional to the intensity of the helicity: red for high positive values (⇠ 103) to blue for high negative values (⇠ �103).

show similar small-scales condensates that populate the
flow when kf 2 [4, 6] and km = 16. It would be inter-
esting to understand if one can highlight some univer-
sality properties of such configurations as done for the
two-dimensional case [37].

SUMMARY

We have performed several numerical simulations of
a modified (decimated) version of the three-dimensional
Navier-Stokes equations by keeping only some subsets
of Fourier modes with di↵erent helical properties. The
aim is to further understand the di↵erent roles played by
triads with di↵erent helical structures in the dynamics of
the nonlinear energy transfer mechanism. We have shown
that as predicted in [8] there exist two classes (Class I and
Class II) of triads that transfer energy to large scales,
i.e. which can support an inverse cascade even in fully
homogeneous and isotropic turbulence (but not mirror
symmetric). This result for Class I where all modes have
the same helical sign was already known [10, 25]. The sec-
ond class (here called Class II) is made of triads where
helicity is not globally sign-definite. The structure is such
that the mode with the di↵erent helicity is the one at the
smallest wavenumbers. Hence, when the small-scales are
strongly helically-signed the forward energy transfer is
depleted. The existence of inverse cascade even when he-
licity is not positive-definite contradicts the predictions
based only on the absolute equilibrium in the inviscid
and unforced limit [27, 28].
By concentrating the negative helical modes at small

scales (high wavenumbers) we showed that as soon as
triads of the other two classes (Class III and Class IV)
become competitive, they take the leadership in the en-
ergy transfer mechanisms and the energy flux is reversed,
reaching a more standard forward-cascade regime. In
both cases the energy is preferentially transferred to the
minority helical modes (here negative), leading to either
a large-scale condensate or to a small-scales condensate.
Our study further supports the idea that the direction
of the energy transfer in a turbulent flow might strongly
be influenced by the helicity distribution among di↵erent
scales [10, 25, 26, 38, 39].
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• When the u- modes are present only 
around a wavenumber km helical 
condensed are formed, realising a 
sort of Beltrami-patches. 

• These coherent structures are similar 
to the ones suggested by Moffatt as 
ideal structures near maximal helicity, 

Sahoo and Biferale  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Conclusions

• The forward cascade of energy is very robust in 3D turbulence. It requires only a few 
negative modes to act as catalyst to transfer energy forward. 

• Only when α is very close to 1, i.e., we decimate almost all modes of one helical sign, 
inverse energy cascade takes over the forward cascade. 

• We observe a strong tendency to recover parity invariance even in the presence of an 
explicit parity-invariance symmetry breaking (α >0). 

• There is drastic reduction of intermittency with decimation. Vortex tubes usually 
associated with extreme events of energy dissipation disappear. 

• Most importantly, only removal of helical modes dynamically, make this difference.  

• Helical condensates are observed at the scales where oppositely signed helical modes 
in minority are present.



Thank you!
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