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Leonardo da Vinci (~ 1500): “doue la turbolenza de l’aqua si
genera [injected]; doue la turbolenza dell aqua si mantiene
[advected/conserved] plugho; doue la turbolenza dell acqua si
posa [dissipated]”

<latexit sha1_base64="Qeq7WLvZ6Mayas/MpjQ8ELecdcc="></latexit>

@t̂v̂ + v̂ · @̂v̂ = �@̂p̂ +
1

Re
�̂v̂ + F̂mech

-OUT OF EQUILIBRIUM (INJECTED-DISSIPATED) -> DISSIPATIVE ANOMALY 
-(STRONGLY) NONLINEAR (ADVECTED/CONSERVED)
-NON-GAUSSIAN (EXTREME EVENTS +ANOMALOUS SCALING)
-MULTI-SCALE (TRILLION OF DEGREES OF FREEDOM)
-IMPORTANT FOR MANY REAL WORLD APPLICATIONS 



TURBULENCE OR TURBULENCES?

TEMPERATURE

MAGNETIC FIELD

<latexit sha1_base64="jb5hxXmNzp55znpyMNEuLZSjqrM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRZBEMquiHosCuKxgv2Adi3ZNNsNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2gHWlDNJG4YZTtuJolgEnLaC4fXEbz1SpVks780oob7AA8lCRrCx0sNJN8IG3fQyQUk07pUrbtWdAi0SLycVyFHvlb+6/ZikgkpDONa647mJ8TOsDCOcjkvdVNMEkyEe0I6lEguq/Wx69RgdWaWPwljZkgZN1d8TGRZaj0RgOwU2kZ73JuJ/Xic14aWfMZmkhkoyWxSmHJkYTSJAfaYoMXxkCSaK2VsRibDCxNigSjYEb/7lRdI8rXrnVe/urFK7yuMowgEcwjF4cAE1uIU6NICAgmd4hTfnyXlx3p2PWWvByWf24Q+czx/y8ZIq</latexit>

+F̂mech

A. Alexakis, L. B. , Cascades and transitions in turbulent flows. Phys. Rep. 767, 1–101 (2018)



<latexit sha1_base64="W4AAzjCsKddZR4XsCicBsY2riXc="></latexit>

@t̂v̂ + v̂ · @̂v̂ = �@̂p̂ +
1

Re
�̂v̂

<latexit sha1_base64="f2yVKuUlUh/CYMBzpGHI68udmg8=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBVZ0poi6LgrisYB/QGYdMmmlDk8yQZAqlFNz4K25cKOLWn3Dn35hpZ6GtBy73cM69JPeECaNKO863VVhaXlldK66XNja3tnfs3b2milOJSQPHLJbtECnCqCANTTUj7UQSxENGWuHgOvNbQyIVjcW9HiXE56gnaEQx0kYK7AOvjzS8gZ6iPGuEscA5HQbOQzWwy07FmQIuEjcnZZCjHthfXjfGKSdCY4aU6rhOov0xkppiRiYlL1UkQXiAeqRjqECcKH88vWECj43ShVEsTQkNp+rvjTHiSo14aCY50n0172Xif14n1dGlP6YiSTURePZQlDKoY5gFArtUEqzZyBCEJTV/hbiPJMLaxFYyIbjzJy+SZrXinlfcu7Ny7SqPowgOwRE4AS64ADVwC+qgATB4BM/gFbxZT9aL9W59zEYLVr6zD/7A+vwBI/aV6w==</latexit>

F̂ ⇠ F `0/v2
0

THE HYDROGEN ATOM OF TURBULENCE (not solvable though!)

DIFFICULT TO DISSIPATE? WAIT AND SEE… 

ENERGY DISSIPATION

ENERGY INJECTION

<latexit sha1_base64="jb5hxXmNzp55znpyMNEuLZSjqrM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRZBEMquiHosCuKxgv2Adi3ZNNsNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2gHWlDNJG4YZTtuJolgEnLaC4fXEbz1SpVks780oob7AA8lCRrCx0sNJN8IG3fQyQUk07pUrbtWdAi0SLycVyFHvlb+6/ZikgkpDONa647mJ8TOsDCOcjkvdVNMEkyEe0I6lEguq/Wx69RgdWaWPwljZkgZN1d8TGRZaj0RgOwU2kZ73JuJ/Xic14aWfMZmkhkoyWxSmHJkYTSJAfaYoMXxkCSaK2VsRibDCxNigSjYEb/7lRdI8rXrnVe/urFK7yuMowgEcwjF4cAE1uIU6NICAgmd4hTfnyXlx3p2PWWvByWf24Q+czx/y8ZIq</latexit>

+F̂mech

+PERIODIC BOUNDARY CONDITIONS



BASIC FUNDAMENTAL OPEN PROBLEMS ABOUT GLOBAL AND LOCAL PROPERTIES

2D
<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

<latexit sha1_base64="12oc1zikf/c775+6mWSYUyVYcmQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpfvRY7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH5yo2Z</latexit>

k2

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="Ql8SRXE926CQusPL+b9wM4ED+H0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXRT0WvXisYD+gXUs2zbax2WRJskJZ9j948aCIV/+PN/+NabsHbX0w8Hhvhpl5QcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNUcP6clZ1itX3Ko7BVokXk4qkKPeK391+5IkERWGcKx1x3Nj46dYGUY4zUrdRNMYkxEe0I6lAkdU++n02gwdWaWPQqlsCYOm6u+JFEdaj6PAdkbYDPW8NxH/8zqJCa/8lIk4MVSQ2aIw4chINHkd9ZmixPCxJZgoZm9FZIgVJsYGVLIhePMvL5LmadW7qHp355XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AKqaO3Q==</latexit>

k�3

1. WE DO NOT CONTROL THE MEAN ENERGY FLUX:  DOES THE INJECTED ENERGY FLOW TOWARDS SMALL-SCALES OR  TOWARDS LARGE-SCALES (OR BOTH)?
2. WE DO NOT CONTROL THE SCALE-BY-SCALE MEAN  ENERGY SPECTRUM
3. WE DO NOT CONTROL NEITHER EULERIAN NOR LAGRANGIAN  FLUCTUATIONS AROUND THE MEAN GLOBAL PROPERTIES

3D 3D

2D



<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

<latexit sha1_base64="GSrLWeIgNcHu3EE/omSCtV/NuaU=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOUDJppg3NJCEPpQz9DTcuFHHrz7jzb8y0s9DWAxcO59zLvffEklFtfP/bK62srq1vlDcrW9s7u3vV/YO2FlZh0sKCCdWNkSaMctIy1DDSlYqgNGakE49vcr/zSJSmgj+YiSRRioacJhQj46TwnsDQSqSUeKr0qzW/7s8Al0lQkBoo0OxXv8KBwDYl3GCGtO4FvjRRhpShmJFpJbSaSITHaEh6jnKUEh1ls5un8MQpA5gI5YobOFN/T2Qo1XqSxq4zRWakF71c/M/rWZNcRRnl0hrC8XxRYhk0AuYBwAFVBBs2cQRhRd2tEI+QQti4mPIQgsWXl0n7rB5c1IO781rjuoijDI7AMTgFAbgEDXALmqAFMJDgGbyCN896L9679zFvLXnFzCH4A+/zB2VakUU=</latexit>

Re " <latexit sha1_base64="F7RPAu8qrjkr0ZVYw52jhmQFEg0=">AAACCHicbVC7SgNBFJ31GeMramnhYBCswq6IWgZtLKOYB2RDmJ3cTYbMzi4zd8WwpLTxV2wsFLH1E+z8GyePQhMPDBzOuffOvSdIpDDout/OwuLS8spqbi2/vrG5tV3Y2a2ZONUcqjyWsW4EzIAUCqooUEIj0cCiQEI96F+N/Po9aCNidYeDBFoR6yoRCs7QSu3CgY/wgOM5mYbOMLsF6mNMfaFCHAzz7ULRLblj0HniTUmRTFFpF778TszTCBRyyYxpem6CrYxpFFzCMO+nBhLG+6wLTUsVi8C0svECQ3pklQ4NY22fQjpWf3dkLDJmEAW2MmLYM7PeSPzPa6YYXrQyoZIUQfHJR2Eqqb10lArtCA0c5cASxrWwu1LeY5pxtNmNQvBmT54ntZOSd1bybk6L5ctpHDmyTw7JMfHIOSmTa1IhVcLJI3kmr+TNeXJenHfnY1K64Ex79sgfOJ8/PKuaGA==</latexit>

Re ! 1

3D – DIRECT CASCADE <latexit sha1_base64="jb5hxXmNzp55znpyMNEuLZSjqrM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRZBEMquiHosCuKxgv2Adi3ZNNsNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2gHWlDNJG4YZTtuJolgEnLaC4fXEbz1SpVks780oob7AA8lCRrCx0sNJN8IG3fQyQUk07pUrbtWdAi0SLycVyFHvlb+6/ZikgkpDONa647mJ8TOsDCOcjkvdVNMEkyEe0I6lEguq/Wx69RgdWaWPwljZkgZN1d8TGRZaj0RgOwU2kZ73JuJ/Xic14aWfMZmkhkoyWxSmHJkYTSJAfaYoMXxkCSaK2VsRibDCxNigSjYEb/7lRdI8rXrnVe/urFK7yuMowgEcwjF4cAE1uIU6NICAgmd4hTfnyXlx3p2PWWvByWf24Q+czx/y8ZIq</latexit>

+F̂mech

1.
MULTISCALE !

TRILLION OF DEGREES OF FREEDOM



<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

<latexit sha1_base64="GSrLWeIgNcHu3EE/omSCtV/NuaU=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjMi6rLoxmUV+4DOUDJppg3NJCEPpQz9DTcuFHHrz7jzb8y0s9DWAxcO59zLvffEklFtfP/bK62srq1vlDcrW9s7u3vV/YO2FlZh0sKCCdWNkSaMctIy1DDSlYqgNGakE49vcr/zSJSmgj+YiSRRioacJhQj46TwnsDQSqSUeKr0qzW/7s8Al0lQkBoo0OxXv8KBwDYl3GCGtO4FvjRRhpShmJFpJbSaSITHaEh6jnKUEh1ls5un8MQpA5gI5YobOFN/T2Qo1XqSxq4zRWakF71c/M/rWZNcRRnl0hrC8XxRYhk0AuYBwAFVBBs2cQRhRd2tEI+QQti4mPIQgsWXl0n7rB5c1IO781rjuoijDI7AMTgFAbgEDXALmqAFMJDgGbyCN896L9679zFvLXnFzCH4A+/zB2VakUU=</latexit>

Re " <latexit sha1_base64="F7RPAu8qrjkr0ZVYw52jhmQFEg0=">AAACCHicbVC7SgNBFJ31GeMramnhYBCswq6IWgZtLKOYB2RDmJ3cTYbMzi4zd8WwpLTxV2wsFLH1E+z8GyePQhMPDBzOuffOvSdIpDDout/OwuLS8spqbi2/vrG5tV3Y2a2ZONUcqjyWsW4EzIAUCqooUEIj0cCiQEI96F+N/Po9aCNidYeDBFoR6yoRCs7QSu3CgY/wgOM5mYbOMLsF6mNMfaFCHAzz7ULRLblj0HniTUmRTFFpF778TszTCBRyyYxpem6CrYxpFFzCMO+nBhLG+6wLTUsVi8C0svECQ3pklQ4NY22fQjpWf3dkLDJmEAW2MmLYM7PeSPzPa6YYXrQyoZIUQfHJR2Eqqb10lArtCA0c5cASxrWwu1LeY5pxtNmNQvBmT54ntZOSd1bybk6L5ctpHDmyTw7JMfHIOSmTa1IhVcLJI3kmr+TNeXJenHfnY1K64Ex79sgfOJ8/PKuaGA==</latexit>

Re ! 1

3D – DIRECT CASCADE <latexit sha1_base64="jb5hxXmNzp55znpyMNEuLZSjqrM=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRZBEMquiHosCuKxgv2Adi3ZNNsNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmBQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2gHWlDNJG4YZTtuJolgEnLaC4fXEbz1SpVks780oob7AA8lCRrCx0sNJN8IG3fQyQUk07pUrbtWdAi0SLycVyFHvlb+6/ZikgkpDONa647mJ8TOsDCOcjkvdVNMEkyEe0I6lEguq/Wx69RgdWaWPwljZkgZN1d8TGRZaj0RgOwU2kZ73JuJ/Xic14aWfMZmkhkoyWxSmHJkYTSJAfaYoMXxkCSaK2VsRibDCxNigSjYEb/7lRdI8rXrnVe/urFK7yuMowgEcwjF4cAE1uIU6NICAgmd4hTfnyXlx3p2PWWvByWf24Q+czx/y8ZIq</latexit>

+F̂mech

327683 ~ 35 TRILLION GRID POINT
1 CONF ~ 1 PETABYTE



x

2. NON-DIFFERENTIABLE! 

Holder Continuos 1/3

<latexit sha1_base64="DD1rznHBnckdnIDYLj6+4rtVVe8=">AAACFXicbVDLSgMxFM3UV62vUZdugkVoUcuMiroRim5cVrAP6IxDJpPa0GRmSDLFMvQn3Pgrblwo4lZw59+YtrPQ1gMhh3Puvck9fsyoVJb1beTm5hcWl/LLhZXVtfUNc3OrIaNEYFLHEYtEy0eSMBqSuqKKkVYsCOI+I02/dzXym30iJI3CWzWIicvRfUg7FCOlJc88cALCFPIE7MML2C897IsyPNR3GTqScijuUhs6kR4Bj4eeWbQq1hhwltgZKYIMNc/8coIIJ5yECjMkZdu2YuWmSCiKGRkWnESSGOEeuidtTUPEiXTT8VZDuKeVAHYioU+o4Fj93ZEiLuWA+7qSI9WV095I/M9rJ6pz7qY0jBNFQjx5qJMwqCI4iggGVBCs2EAThAXVf4W4iwTCSgdZ0CHY0yvPksZRxT6t2DcnxeplFkce7IBdUAI2OANVcA1qoA4weATP4BW8GU/Gi/FufExKc0bWsw3+wPj8AXljnIQ=</latexit>

�rv = v(x + r) � v(x) ⇠ r
1
3

<latexit sha1_base64="T2PvXihe8MFxw6QKr/VXuAQTUSg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3xmM/A==</latexit>r

<latexit sha1_base64="l14Hx0GyzmbsVupfBfYk+3RtGiE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquiHosevFYwX5Au5Rsmm1Dk+ySZItl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8V3mtydUaRbJRzONqS/wULKQEWwyaVJ9Ou+XK27NnQOtEi8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupRILqv10fusMnVllgMJI2ZIGzdXfEykWWk9FYDsFNiO97GXif143MeGNnzIZJ4ZKslgUJhyZCGWPowFTlBg+tQQTxeytiIywwsTYeEo2BG/55VXSuqh5VzXv4bJSv83jKMIJnEIVPLiGOtxDA5pAYATP8ApvjnBenHfnY9FacPKZY/gD5/MHhseN5w==</latexit>

v(x)

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x



NO ROOM FOR QUASI-EQUILIBRIUM STAT MECH!

F(C)

<latexit sha1_base64="YRAnMoASyXErsmnq1J8KxTwXMuI="></latexit>

lim
Re!1

✏ = lim
Re!1

1

Re
hv̂�v̂i ! O(1)

<latexit sha1_base64="DQnYydsX64AGluYgyAi5lnEcYOs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKqMegF48RzAOyS5id9CZDZmeGeQhhyW948aCIV3/Gm3/jJNmDJhY0FFXddHclklFtguDbK62tb2xulbcrO7t7+wfVw6O2FlYRaBHBhOomWAOjHFqGGgZdqQBnCYNOMr6b+Z0nUJoK/mgmEuIMDzlNKcHGSVEEUlMmeD/itl+tBfVgDn+VhAWpoQLNfvUrGghiM+CGMKx1LwykiXOsDCUMppXIapCYjPEQeo5ynIGO8/nNU//MKQM/FcoVN/5c/T2R40zrSZa4zgybkV72ZuJ/Xs+a9CbOKZfWACeLRallvhH+LAB/QBUQwyaOYKKou9UnI6wwMS6migshXH55lbQv6uFVPXy4rDVuizjK6ASdonMUomvUQPeoiVqIIIme0St686z34r17H4vWklfMHKM/8D5/AGXdkew=</latexit>✏⌫

T. Ishihara, T. Gotoh, Y. Kaneda, Study of high–Reynolds number  isotropic   turbulence by direct numerical simulation, Annu. Rev. Fluid Mech. 41 (2009) 165–180.

3. STRONGLY OUT-OF-
EQUILIBRIUM

DISSIPATIVE ANOMALY
DIFFICULT TO DISSIPATE? NO!

<latexit sha1_base64="DQnYydsX64AGluYgyAi5lnEcYOs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKqMegF48RzAOyS5id9CZDZmeGeQhhyW948aCIV3/Gm3/jJNmDJhY0FFXddHclklFtguDbK62tb2xulbcrO7t7+wfVw6O2FlYRaBHBhOomWAOjHFqGGgZdqQBnCYNOMr6b+Z0nUJoK/mgmEuIMDzlNKcHGSVEEUlMmeD/itl+tBfVgDn+VhAWpoQLNfvUrGghiM+CGMKx1LwykiXOsDCUMppXIapCYjPEQeo5ynIGO8/nNU//MKQM/FcoVN/5c/T2R40zrSZa4zgybkV72ZuJ/Xs+a9CbOKZfWACeLRallvhH+LAB/QBUQwyaOYKKou9UnI6wwMS6migshXH55lbQv6uFVPXy4rDVuizjK6ASdonMUomvUQPeoiVqIIIme0St686z34r17H4vWklfMHKM/8D5/AGXdkew=</latexit>✏⌫

Re



INJECTION

THERE EXIST

DISSIPATIVE WEAK SOLUTIONS OF EULER EQUATIONS:

DISSIPATION IN DRY FLUIDS !

<latexit sha1_base64="zr7bn6kY1hnjtcj3mzlaZXKb8lw=">AAACEHicbZC7TsMwFIadcivlFmBksagQrRAlAQSMFSyMRaIXqQmV47itVTtJbaeiivoILLwKCwMIsTKy8Ta4bQYo/JKlT/85R8fn9yJGpbKsLyMzN7+wuJRdzq2srq1vmJtbNRnGApMqDlkoGh6ShNGAVBVVjDQiQRD3GKl7vatxvT4gQtIwuFXDiLgcdQLaphgpbbXM/UHh/kAU4SHUUISOpByKuy50+v0Y+VADI9A+OmmZeatkTQT/gp1CHqSqtMxPxw9xzEmgMENSNm0rUm6ChKKYkVHOiSWJEO6hDmlqDBAn0k0mB43gnnZ82A6FfoGCE/fnRIK4lEPu6U6OVFfO1sbmf7VmrNoXbkKDKFYkwNNF7ZhBFcJxOtCngmDFhhoQFlT/FeIuEggrnWFOh2DPnvwXascl+6xk35zmy5dpHFmwA3ZBAdjgHJTBNaiAKsDgATyBF/BqPBrPxpvxPm3NGOnMNvgl4+Mb4+qZ/A==</latexit>

v(x + r) � v(x) ⇠ rh h  1/3

<latexit sha1_base64="r9IUM4D2YclpGgIk3qmZcFlcf1E=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZF1EYI2lhGMQ9IQpid3E2GzM4uM3fFsKSx8VdsLBSx9R/s/Bsnj0ITD1w4nHPv3LnHj6Uw6LrfTmZhcWl5JbuaW1vf2NzKb+9UTZRoDhUeyUjXfWZACgUVFCihHmtgoS+h5vevRn7tHrQRkbrDQQytkHWVCARnaKV2fr+J8IDjd1INnWF6C/SCNoUKcDBs5wtu0R2DzhNvSgpkinI7/9XsRDwJQSGXzJiG58bYSplGwSUMc83EQMx4n3WhYaliIZhWOt4+pIdW6dAg0rYU0rH6eyJloTGD0LedIcOemfVG4n9eI8HgvJUKFScIik8WBYmkGNFRJLQjNHCUA0sY18L+lfIe04yjDS5nQ/BmT54n1eOid1r0bk4KpctpHFmyRw7IEfHIGSmRa1ImFcLJI3kmr+TNeXJenHfnY9KacaYzu+QPnM8fEb+Y7g==</latexit>

Re = 1
G. Eyink & K.R. Sreenivasan, “Onsager and the theory of hydrodynamic turbulence,” Rev. Mod. Phys. 78 87-135 (2006)



RICHARDSON DISPERSION: SPONTANEOUS STOCHASTICITY OF ADVECTED PARTICLES

TWO PARTICLES SEPARATE EVEN IF STARTING 
ON THE SAME POSITION!

<latexit sha1_base64="8eLIG4b1zJJyVoR6QeF8VvERHL0=">AAACGnicbZDLSgMxFIYzXmu9VV26CRahIpSZKuqy6MZlBXuBTlsy6WkbmskMyRmhlD6HG1/FjQtF3Ikb38b0stDWHwJ/vnMOyfmDWAqDrvvtLC2vrK6tpzbSm1vbO7uZvf2KiRLNocwjGelawAxIoaCMAiXUYg0sDCRUg/7NuF59AG1EpO5xEEMjZF0lOoIztKiV8XzJVFcC1Tk8aRZ8Pb35RoQWuRbRU9r1ITZCRopi86yVybp5dyK6aLyZyZKZSq3Mp9+OeBKCQi6ZMXXPjbExZBoFlzBK+4mBmPE+60LdWsVCMI3hZLURPbakTTuRtkchndDfE0MWGjMIA9sZMuyZ+doY/lerJ9i5agyFihMExacPdRJJMaLjnGhbaOAoB9YwroX9K+U9phlHm2bahuDNr7xoKoW8d5H37s6zxetZHClySI5IjnjkkhTJLSmRMuHkkTyTV/LmPDkvzrvzMW1dcmYzB+SPnK8f0oKe2w==</latexit>

hr(t)2i ⇠ r(0)2 + g✏t3

<latexit sha1_base64="7Af5SMwigSMl7ECMs+i7Xrv49cA=">AAAB/XicbZDLSgMxFIbP1Futt/GycxMsQl1YZoqoG6HoxmUF2w60w5BJM21o5kKSEepQfBU3LhRx63u4821M21lo64GQj/8/h5z8fsKZVJb1bRSWlldW14rrpY3Nre0dc3evJeNUENokMY+F42NJOYtoUzHFqZMIikOf07Y/vJn47QcqJIujezVKqBvifsQCRrDSkmceiIo6QVfI8WwNp45X05dnlq2qNS20CHYOZcir4Zlf3V5M0pBGinAsZce2EuVmWChGOB2XuqmkCSZD3KcdjREOqXSz6fZjdKyVHgpioU+k0FT9PZHhUMpR6OvOEKuBnPcm4n9eJ1XBpZuxKEkVjcjsoSDlSMVoEgXqMUGJ4iMNmAimd0VkgAUmSgdW0iHY819ehFatap9X7buzcv06j6MIh3AEFbDhAupwCw1oAoFHeIZXeDOejBfj3fiYtRaMfGYf/pTx+QOKupK1</latexit>

r(t) = X1(t) � X2(t)

<latexit sha1_base64="L2JTKxN6LujOxcs7A+tc8gPSuA4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh6LXjxWsB/QhrLZbtqlu0nYnQil9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY32V++4lrI+LoEScJ9xUdRiIUjGIm6Sqe98sVt+bOQVaJl5MK5Gj0y1+9QcxSxSNkkhrT9dwE/SnVKJjks1IvNTyhbEyHvGtpRBU3/nR+64ycWWVAwljbipDM1d8TU6qMmajAdiqKI7PsZeJ/XjfF8MafiihJkUdssShMJcGYZI+TgdCcoZxYQpkW9lbCRlRThjaekg3BW355lbQuat5VzXu4rNRv8ziKcAKnUAUPrqEO99CAJjAYwTO8wpujnBfn3flYtBacfOYY/sD5/AF6l43f</latexit>

r(t)

<latexit sha1_base64="yA+FHwgN3c8MuqM298X2SaTZD+Q=">AAACKXicbZDLSgMxFIYzXmu9jbp0EyyCqzKjRV0W3bisYC/QaUsmPW1DM8mQZApl6Ou48VXcKCjq1hcxbWehrT8EPv5zTpLzhzFn2njep7Oyura+sZnbym/v7O7tuweHNS0TRaFKJZeqERINnAmoGmY4NGIFJAo51MPh7bReH4HSTIoHM46hFZG+YD1GibFWxy0HnIg+B4xV0AVuSCdVEzwK1NwNNItwALFmXIp26gfSXnYxUe20lGHHLXhFbya8DH4GBZSp0nFfg66kSQTCUE60bvpebFopUYZRDpN8kGiICR2SPjQtChKBbqWzTSf41Dpd3JPKHmHwzP09kZJI63EU2s6ImIFerE3N/2rNxPSuWykTcWJA0PlDvYRjI/E0NtxlCqjhYwuEKmb/iumAKEKNDTdvQ/AXV16G2nnRvyz696VC+SaLI4eO0Qk6Qz66QmV0hyqoiih6RM/oDb07T86L8+F8zVtXnGzmCP2R8/0D2HynoA==</latexit>

hr�rvi ⇠ ✏
1
3 r

4
3

-G. Falkovich, K. Gawedzki, M. Vergassola, 
Particles and fields in fluid turbulence, Rev. Modern Phys. 73 (4) (2001) 913
-R. Scatamacchia, L. B., F. Toschi, Extreme events in the dispersions of two
neighboring particles under the influence of fluid turbulence, Phys. Rev. Lett. 
109 (14) (2012) 144501.



r #
SMALL-SCALES 

EXTREME EVENTS!PD
F

Bentkamp, L, Cr C. Lalescu, and M. Wilczek. "Nature 
communications 10.1 (2019): 1-8.

[v(x + r) � v(x)]/�r

t

4. NON-GAUSSIAN STATISTICS

ANOMALOUS SCALING

MULTIFRACTALS

<latexit sha1_base64="EnevKLmzgYeXJlqhnwqjzLXxGDY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuqy6MZlBfuANobJZNIOnZmEmUmxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JEkaVdpxvq7C0vLK6VlwvbWxube/Yu3tNFacSkwaOWSzbAVKEUUEammpG2okkiAeMtILB9cRvDYlUNBZ3epQQj6OeoBHFSBvJtw+6IWEa+RIOYVdRDuV91q88nIx9u+xUnSngInFzUgY56r791Q1jnHIiNGZIqY7rJNrLkNQUMzIudVNFEoQHqEc6hgrEifKy6QdjeGyUEEaxNCU0nKq/JzLElRrxwHRypPtq3puI/3mdVEeXXkZFkmoi8GxRlDKoYziJA4ZUEqzZyBCEJTW3QtxHEmFtQiuZENz5lxdJ87Tqnlfd27Ny7SqPowgOwRGoABdcgBq4AXXQABg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4Ahz6WTA==</latexit>

�rv ⇠ rh(x)

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x

<latexit sha1_base64="l14Hx0GyzmbsVupfBfYk+3RtGiE=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquiHosevFYwX5Au5Rsmm1Dk+ySZItl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8V3mtydUaRbJRzONqS/wULKQEWwyaVJ9Ou+XK27NnQOtEi8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupRILqv10fusMnVllgMJI2ZIGzdXfEykWWk9FYDsFNiO97GXif143MeGNnzIZJ4ZKslgUJhyZCGWPowFTlBg+tQQTxeytiIywwsTYeEo2BG/55VXSuqh5VzXv4bJSv83jKMIJnEIVPLiGOtxDA5pAYATP8ApvjnBenHfnY9FacPKZY/gD5/MHhseN5w==</latexit> v
(x

)

<latexit sha1_base64="NLmNifhAcQ61CjcEQvNiMH7DbK0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qomKehGKXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGdxO/+YRK81g+mlGCfkT7koecUWOl5oDcEO/0vFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCa/9jMskNSjZbFGYCmJiMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvPmXF0njrOJdVryHi3L1No+jAIdwBCfgwRVU4R5qUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4ATsmOPg==</latexit>

h = 1/3

<latexit sha1_base64="ND+4V+RieS7jVBn3gSKcyXTDvII=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunEjVLAPSEOYTCfN0JlJmJmINRR/xY0LRdz6H+78G6ePhbYeuHA4517uvSdMGVXacb6twsLi0vJKcbW0tr6xuWVv7zRVkklMGjhhiWyHSBFGBWloqhlpp5IgHjLSCvtXI791T6SiibjTg5T4HPUEjShG2kiBvRdXHo5ghwroxUHOh8dxcOMHdtmpOmPAeeJOSRlMUQ/sr043wRknQmOGlPJcJ9V+jqSmmJFhqZMpkiLcRz3iGSoQJ8rPx9cP4aFRujBKpCmh4Vj9PZEjrtSAh6aTIx2rWW8k/ud5mY4u/JyKNNNE4MmiKGNQJ3AUBexSSbBmA0MQltTcCnGMJMLaBFYyIbizL8+T5knVPau6t6fl2uU0jiLYBwegAlxwDmrgGtRBA2DwCJ7BK3iznqwX6936mLQWrOnMLvgD6/MH7hiUQQ==</latexit>

h(x) 2 [hm, hM ]

<latexit sha1_base64="EnevKLmzgYeXJlqhnwqjzLXxGDY=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuqy6MZlBfuANobJZNIOnZmEmUmxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JEkaVdpxvq7C0vLK6VlwvbWxube/Yu3tNFacSkwaOWSzbAVKEUUEammpG2okkiAeMtILB9cRvDYlUNBZ3epQQj6OeoBHFSBvJtw+6IWEa+RIOYVdRDuV91q88nIx9u+xUnSngInFzUgY56r791Q1jnHIiNGZIqY7rJNrLkNQUMzIudVNFEoQHqEc6hgrEifKy6QdjeGyUEEaxNCU0nKq/JzLElRrxwHRypPtq3puI/3mdVEeXXkZFkmoi8GxRlDKoYziJA4ZUEqzZyBCEJTW3QtxHEmFtQiuZENz5lxdJ87Tqnlfd27Ny7SqPowgOwRGoABdcgBq4AXXQABg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4Ahz6WTA==</latexit>

�rv ⇠ rh(x)



GENERALIZED 
FLATNESS

<latexit sha1_base64="ZVHnfHRv9Xj69S89JlFKwLVHJG8="></latexit>

Sp(r) = h[v(x + r) � v(x)]pi ⇠ ✏
p
3 r⇣(p)

<latexit sha1_base64="neeJ7tS6cwrmRg4fuQRNxn8bHJw=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCVRUTdC0Y3LCvYBTSiTyW07dPJgZiLU0LUbf8WNC0Xc+gXu/BunaRZaPTBwOOdc7tzjxZxJZVlfRmFufmFxqbhcWlldW98wN7eaMkoEhQaNeCTaHpHAWQgNxRSHdiyABB6Hlje8mvitOxCSReGtGsXgBqQfsh6jRGmpa+4696BIJT7AFziNsRPpMD4e40PHB54ZXbNsVa0M+C+xc1JGOepd89PxI5oEECrKiZQd24qVmxKhGOUwLjmJhJjQIelDR9OQBCDdNDtljPe14uNeJPQLFc7UnxMpCaQcBZ5OBkQN5Kw3Ef/zOonqnbspC+NEQUini3oJxyrCk16wzwRQxUeaECqY/iumAyIIVbq9ki7Bnj35L2keVe3Tqn1zUq5d5nUU0Q7aQxVkozNUQ9eojhqIogf0hF7Qq/FoPBtvxvs0WjDymW30C8bHNzJemK4=</latexit>

⇣(p) =
p

3
+ �(p)

<latexit sha1_base64="7b5zLyfpnImtRV4V4Yd0p1XFQDE=">AAAB7XicbVBNS8NAEN3Ur1q/qh69BIvgqSYi6rHoxWMF+wFtKJvtpF272Q27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1gwZTQul2SA0ILqGBHAW0Ew00DgW0wtHt1G89gTZcyQccJxDEdCB5xBlFKzX1WReQ9soVr+rN4C4TPycVkqPeK391+4qlMUhkghrT8b0Eg4xq5EzApNRNDSSUjegAOpZKGoMJstm1E/fEKn03UtqWRHem/p7IaGzMOA5tZ0xxaBa9qfif10kxug4yLpMUQbL5oigVLip3+rrb5xoYirEllGlub3XZkGrK0AZUsiH4iy8vk+Z51b+s+vcXldpNHkeRHJFjckp8ckVq5I7USYMw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AEu5jvM=</latexit>

r/⌘

<latexit sha1_base64="Qg/9Xs3cPu+n0C6tVRRhKF/VWhY=">AAACFHicbVBNS8MwGE7n15xfVY9egkOYCKMdol6EoSAeJ7oPWOtIs3QLS5uSpMIo/RFe/CtePCji1YM3/41Z14NuPhDeJ8/7PiTv40WMSmVZ30ZhYXFpeaW4Wlpb39jcMrd3WpLHApMm5oyLjockYTQkTUUVI51IEBR4jLS90eWk334gQlIe3qlxRNwADULqU4yUlnrm0VUvqohDeA4dXyCc3GbXVNearvdJBB2u/bCWprBnlq2qlQHOEzsnZZCj0TO/nD7HcUBChRmSsmtbkXITJBTFjKQlJ5YkQniEBqSraYgCIt0kWyqFB1rpQ58LfUIFM/W3I0GBlOPA05MBUkM525uI//W6sfLP3ISGUaxIiKcP+TGDisNJQrBPBcGKjTVBWFD9V4iHSIejdI4lHYI9u/I8adWq9knVvjku1y/yOIpgD+yDCrDBKaiDa9AATYDBI3gGr+DNeDJejHfjYzpaMHLPLvgD4/MHdkucmA==</latexit>

Fp(r) =
Sp(r)

S2(r)
p
2

GAUSSIAN
h ~ 1/3

GENERALIZED FLATNESS

MULTIFRACTALS
<latexit sha1_base64="ND+4V+RieS7jVBn3gSKcyXTDvII=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJiLosunEjVLAPSEOYTCfN0JlJmJmINRR/xY0LRdz6H+78G6ePhbYeuHA4517uvSdMGVXacb6twsLi0vJKcbW0tr6xuWVv7zRVkklMGjhhiWyHSBFGBWloqhlpp5IgHjLSCvtXI791T6SiibjTg5T4HPUEjShG2kiBvRdXHo5ghwroxUHOh8dxcOMHdtmpOmPAeeJOSRlMUQ/sr043wRknQmOGlPJcJ9V+jqSmmJFhqZMpkiLcRz3iGSoQJ8rPx9cP4aFRujBKpCmh4Vj9PZEjrtSAh6aTIx2rWW8k/ud5mY4u/JyKNNNE4MmiKGNQJ3AUBexSSbBmA0MQltTcCnGMJMLaBFYyIbizL8+T5knVPau6t6fl2uU0jiLYBwegAlxwDmrgGtRBA2DwCJ7BK3iznqwX6936mLQWrOnMLvgD6/MH7hiUQQ==</latexit>

h(x) 2 [hm, hM ]



<latexit sha1_base64="f5HbG9+uUk4xYvrEbeuCc+kOsZY=">AAACK3icbZBdSwJBFIZn7cvsy+qymyEJFEJ2RaqbQOymS6M0wTWZHWd1cPaDmbOBLf6fbvorXdRFH3Tb/2hcJUw7MPDyvOdw5rxOKLgC0/wwUkvLK6tr6fXMxubW9k52d6+hgkhSVqeBCGTTIYoJ7rM6cBCsGUpGPEewW2dwMfZv75lUPPBvYBiytkd6Pnc5JaBRJ1u1HxiQfPnYBhIVMD7HtisJjbvYFkEPX9/F+XJhlE/c0Swt/dJONmcWzaTworCmIoemVetkX+xuQCOP+UAFUaplmSG0YyKBU8FGGTtSLCR0QHqspaVPPKbacXLrCB9p0sVuIPXzASd0diImnlJDz9GdHoG+mvfG8D+vFYF71o65H0bAfDpZ5EYCQ4DHweEul4yCGGpBqOT6r5j2ic4KdLwZHYI1f/KiaJSK1knRuirnKtVpHGl0gA5RHlnoFFXQJaqhOqLoET2jN/RuPBmvxqfxNWlNGdOZffSnjO8fx0uk/Q==</latexit>

⇣(4, ⌧) =
d log S(4)(⌧)

d log S(2)(⌧)

GAUSSIAN 
MONO FRACTAL

INERTIAL RANGE 

<latexit sha1_base64="NLmNifhAcQ61CjcEQvNiMH7DbK0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qomKehGKXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGdxO/+YRK81g+mlGCfkT7koecUWOl5oDcEO/0vFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCa/9jMskNSjZbFGYCmJiMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvPmXF0njrOJdVryHi3L1No+jAIdwBCfgwRVU4R5qUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4ATsmOPg==</latexit>

h = 1/3

<latexit sha1_base64="NLmNifhAcQ61CjcEQvNiMH7DbK0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4qomKehGKXjxWsB/QhrLZTtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGdxO/+YRK81g+mlGCfkT7koecUWOl5oDcEO/0vFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfjY9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCa/9jMskNSjZbFGYCmJiMvmd9LhCZsTIEsoUt7cSNqCKMmMTKtoQvPmXF0njrOJdVryHi3L1No+jAIdwBCfgwRVU4R5qUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4ATsmOPg==</latexit>

h = 1/3



TURBULENCE IS:
- STRONGLY NON-LINEAR (NON PERTURBATIVE)
- MULTI-SCALE (TRILLION OF HYDRODYNAMICAL DEGREES OF DREEDOM)
- STRONGLY OUT-OF-EQUILIBIRUM (DISSIPATIVE ANOMALY)
- NON-GAUSSIAN (INTERMITTENCY AND ANOMALOUS SCALING)
- IMPORTANT FOR MANY REAL WORLD APPLICATIONS



<latexit sha1_base64="LHsvX8xnaKmu1TOLLggN74hFZDs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJH/fzaNqv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKObIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LureVd17uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8ADu6O2g==</latexit>

kf

<latexit sha1_base64="DzruqWQOPui2rjVKENqopgx9eso=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBCSS9gVUY9BETxGMA9JljA7mU2GzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/WbT1QbpuSDHSU0FLgvWcwItk565Kpfui0Ny+VuoehX/BnQMgkyUoQMtW7hq9NTJBVUWsKxMe3AT2w4xtoywukk30kNTTAZ4j5tOyqxoCYczw6eoFOn9FCstCtp0Uz9PTHGwpiRiFynwHZgFr2p+J/XTm18FY6ZTFJLJZkvilOOrELT71GPaUosHzmCiWbuVkQGWGNiXUZ5F0Kw+PIyaZxVgotKcH9erF5nceTgGE6gBAFcQhXuoAZ1ICDgGV7hzdPei/fufcxbV7xs5gj+wPv8AU5qj24=</latexit>

log(E(k))

<latexit sha1_base64="K9sEEnXwzaQeMaBKz60vGqwHnIs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc1uRpURme9Utmv+jOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhxmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNqcFkN7i/KtZs8jgIcwwlUIIArqMEd1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AfXGjro=</latexit>

log(k)

IN
JE

CT
IO

N

<latexit sha1_base64="u4VnEGnWJoAIFwkWdqZ6qOpVipE=">AAAB9HicbVC7TgMxENzjGcIrQEljESHREO54lxE0lEEiDyk5Ip/jS6zYvsP2RYpO+Q4aChCi5WPo+Buc5ApIGGml0cyudneCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+7divD6jSLJIPZhhTX+CuZCEj2FjJb2kmUP8xPb44ORu1C0W35E6A5omXkSJkqLQLX61ORBJBpSEca9303Nj4KVaGEU5H+VaiaYxJH3dp01KJBdV+Ojl6hA6t0kFhpGxJgybq74kUC62HIrCdApuenvXG4n9eMzHhtZ8yGSeGSjJdFCYcmQiNE0AdpigxfGgJJorZWxHpYYWJsTnlbQje7MvzpHZa8i5L3v15sXyTxZGDfTiAI/DgCspwBxWoAoEneIZXeHMGzovz7nxMWxecbGYP/sD5/AGJwZFM</latexit>

⇠ k�5/3

<latexit sha1_base64="ufkQobPrspn8HWCuOuw2dy/cvD0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBC8GHZV1GPQi8cI5gGbNcxOJsmQeSwzs0JY8hlePCji1a/x5t84SfagiQUNRVU33V1xwpmxvv/tLS2vrK6tFzaKm1vbO7ulvf2GUakmtE4UV7oVY0M5k7RumeW0lWiKRcxpMx7eTvzmE9WGKflgRwmNBO5L1mMEWyeFbcMEGj5mp+fjTqnsV/wp0CIJclKGHLVO6avdVSQVVFrCsTFh4Cc2yrC2jHA6LrZTQxNMhrhPQ0clFtRE2fTkMTp2Shf1lHYlLZqqvycyLIwZidh1CmwHZt6biP95YWp711HGZJJaKslsUS/lyCo0+R91mabE8pEjmGjmbkVkgDUm1qVUdCEE8y8vksZZJbisBPcX5epNHkcBDuEITiCAK6jCHdSgDgQUPMMrvHnWe/HevY9Z65KXzxzAH3ifP6DHkNQ=</latexit>

⇠ k�3

INVERSE ENERGY CASCADE

DIRECT ENSTROPHY CASCADE

<latexit sha1_base64="QAhQiqVPUMj0l296QEzFPCUJwOQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIqMeilx4r2A9sl5JNs21okl2SrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvTAQ31ve/vcLa+sbmVnG7tLO7t39QPjxqmTjVlDVpLGLdCYlhgivWtNwK1kk0IzIUrB2O72Z++4lpw2P1YCcJCyQZKh5xSqyTHut9jHqGS+T3yxW/6s+BVgnOSQVyNPrlr94gpqlkylJBjOliP7FBRrTlVLBpqZcalhA6JkPWdVQRyUyQzS+eojOnDFAUa1fKorn6eyIj0piJDF2nJHZklr2Z+J/XTW10E2RcJallii4WRalANkaz99GAa0atmDhCqObuVkRHRBNqXUglFwJefnmVtC6q+KqK7y8rtds8jiKcwCmcA4ZrqEEdGtAECgqe4RXePOO9eO/ex6K14OUzx/AH3ucP+4CP0Q==</latexit>

H1 ⇠ 0
pure 2d

NO FORWARD ENERGY TRANSFER
FLUID IS SMOOTH:

<latexit sha1_base64="5Wseibs6coPltscXIrJnacBbYzs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKqBch6MVjBPOAJITZSW8yZHZ2nZkVw5Kf8OJBEa/+jjf/xkmyB00saCiquunu8mPBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINX2qUXCJNcONwGaskIa+wIY/vJn4jUdUmkfy3oxi7IS0L3nAGTVWag5KTyfkinjdQtEtu1OQReJlpAgZqt3CV7sXsSREaZigWrc8NzadlCrDmcBxvp1ojCkb0j62LJU0RN1Jp/eOybFVeiSIlC1pyFT9PZHSUOtR6NvOkJqBnvcm4n9eKzHBZSflMk4MSjZbFCSCmIhMnic9rpAZMbKEMsXtrYQNqKLM2IjyNgRv/uVFUj8te+dl7+6sWLnO4sjBIRxBCTy4gArcQhVqwEDAM7zCm/PgvDjvzsesdcnJZg7gD5zPHxKtjq8=</latexit>

h(x) = 1
<latexit sha1_base64="bQ4tDARU/s5LRt69/Fg8QnBqH2s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KIqMeiF48V7Ae0IWw2m3bpbhJ2N5US+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IOVMacf5tkpr6xubW+Xtys7u3v6BXT1sqySThLZIwhPZDbCinMW0pZnmtJtKikXAaScY3c78zphKxZL4QU9S6gk8iFnECNZG8u1qP6RcY1+iMeorJpD07ZpTd+ZAq8QtSA0KNH37qx8mJBM01oRjpXquk2ovx1Izwum00s8UTTEZ4QHtGRpjQZWXz0+folOjhChKpKlYo7n6eyLHQqmJCEynwHqolr2Z+J/Xy3R07eUsTjNNY7JYFGUc6QTNckAhk5RoPjEEE8nMrYgMscREm7QqJgR3+eVV0j6vu5d19/6i1rgp4ijDMZzAGbhwBQ24gya0gMAjPMMrvFlP1ov1bn0sWktWMXMEf2B9/gB7cJN/</latexit>

�rv ⇠ r
<latexit sha1_base64="3tHJyekBrNZxR1L2oQw8FRek7vI=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8KNC0Xc+j3u/BunaRbaemDgcM69zD0nSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu7nfeeLaiFg94jThfkRHSoSCUbRSR5M+xsQdVGtu3c1BVolXkBoUaA6qX/1hzNKIK2SSGtPz3AT9jGoUTPJZpZ8anlA2oSPes1TRiBs/y8+dkTOrDEkYa/sUklz9vZHRyJhpFNjJiOLYLHtz8T+vl2J442dCJSlyxRYfhakkNuI8OxkKzRnKqSWUaWFvJWxMNWVoG6rYErzlyKukfVH3rurew2WtcVvUUYYTOIVz8OAaGnAPTWgBgwk8wyu8OYnz4rw7H4vRklPsHMMfOJ8/UR2O5w==</latexit>

r ! 0



TURBULENCE OR TURBULENCES? THIN/THICK LAYERS



<latexit sha1_base64="rPty+zIj2L/79HIffiiGjBkk7VY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktop6k6KXHCvZD2mXJptk2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJx3czv/NElWaxfDCThPoCDyWLGMHGSo+NoIZuUCPwgnLFrbpzoFXi5aQCOZpB+as/iEkqqDSEY617npsYP8PKMMLptNRPNU0wGeMh7VkqsaDaz+YHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66UmuvYzJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lbRrVe+y6t1fVOq3eRxFOIFTOAcPrqAODWhCCwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7INjwk=</latexit>

H2 > H1

<latexit sha1_base64="vtkZTVSQeels5ozTyWV8e/clIkE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrtV1JMUvfRYwX5IuyzZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0d3Ubz9RpVksH8w4ob7AA8kiRrCx0mM9OEc3qB5Ug1LZrbgzoGXi5aQMORpB6avXj0kqqDSEY627npsYP8PKMMLppNhLNU0wGeEB7VoqsaDaz2YHT9CpVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmuvYzJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajog3BW3x5mbSqFe+y4t1flGu3eRwFOIYTOAMPrqAGdWhAEwgIeIZXeHOU8+K8Ox/z1hUnnzmCP3A+fwC1G48L</latexit>

H3 > H2
<latexit sha1_base64="ZPIdK/NmQNPDwLNs20EP1hflnVQ=">AAAB/XicbVDLSsNAFJ34rPVVHzs3wSK4KomIuiy66bKCfUAbwmRy2w6dTMLMjVhD8VfcuFDErf/hzr9xmnahrQcuHM65d+7cEySCa3Scb2tpeWV1bb2wUdzc2t7ZLe3tN3WcKgYNFotYtQOqQXAJDeQooJ0ooFEgoBUMbyZ+6x6U5rG8w1ECXkT7kvc4o2gkv3TYRXjA/J1MQTjOaj4b+6WyU3Fy2IvEnZEymaHul766YczSCCQyQbXuuE6CXkYVciZgXOymGhLKhrQPHUMljUB7Wb51bJ8YJbR7sTIl0c7V3xMZjbQeRYHpjCgO9Lw3Ef/zOin2rryMyyRFkGy6qJcKG2N7EoUdcgUMxcgQyhQ3f7XZgCrK0ARWNCG48ycvkuZZxb2ouLfn5er1LI4COSLH5JS45JJUSY3USYMw8kieySt5s56sF+vd+pi2LlmzmQPyB9bnD4vOle4=</latexit>

Hc



<latexit sha1_base64="DzruqWQOPui2rjVKENqopgx9eso=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBCSS9gVUY9BETxGMA9JljA7mU2GzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/WbT1QbpuSDHSU0FLgvWcwItk565Kpfui0Ny+VuoehX/BnQMgkyUoQMtW7hq9NTJBVUWsKxMe3AT2w4xtoywukk30kNTTAZ4j5tOyqxoCYczw6eoFOn9FCstCtp0Uz9PTHGwpiRiFynwHZgFr2p+J/XTm18FY6ZTFJLJZkvilOOrELT71GPaUosHzmCiWbuVkQGWGNiXUZ5F0Kw+PIyaZxVgotKcH9erF5nceTgGE6gBAFcQhXuoAZ1ICDgGV7hzdPei/fufcxbV7xs5gj+wPv8AU5qj24=</latexit>

log(E(k))

<latexit sha1_base64="K9sEEnXwzaQeMaBKz60vGqwHnIs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc1uRpURme9Utmv+jOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhxmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNqcFkN7i/KtZs8jgIcwwlUIIArqMEd1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AfXGjro=</latexit>

log(k)

<latexit sha1_base64="Auc7ImkaGiyILKCa8Grm6Q+3Zzk=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5pUUZdFu+iygn1AE8JkOmmHzkzCzEQosQt/xY0LRdz6G+78G6dtFtp64MLhnHu5954wYVRpx/m2lpZXVtfWCxvFza3tnV17b7+l4lRi0sQxi2UnRIowKkhTU81IJ5EE8ZCRdji8nfjtByIVjcW9HiXE56gvaEQx0kYK7MM69BTl0D0bBlmlBj0dw/PaOLBLTtmZAi4SNyclkKMR2F9eL8YpJ0JjhpTquk6i/QxJTTEj46KXKpIgPER90jVUIE6Un03vH8MTo/RgFEtTQsOp+nsiQ1ypEQ9NJ0d6oOa9ifif1011dO1nVCSpJgLPFkUpg+bJSRiwRyXBmo0MQVhScyvEAyQR1iayognBnX95kbQqZfey7N5dlKo3eRwFcASOwSlwwRWogjpogCbA4BE8g1fwZj1ZL9a79TFrXbLymQPwB9bnDy1clEg=</latexit>

H ⇠ 1/k2D!3D

DIRECT ENERGY CASACADE

<latexit sha1_base64="eGOzWsPoFLkI6UP8xAxWZZLjMvk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSgoCxgg6MRaIPqYkix3Vaq7YT2Q5SFWXhV1gYQIiVz2Djb3DbDNByJEtH59yr63PChFGlHefbKq2srq1vlDcrW9s7u3v2/kFHxanEpI1jFsteiBRhVJC2ppqRXiIJ4iEj3XB8O/W7j0QqGosHPUmIz9FQ0IhipI0U2EfjIIty6CnKoaH1pqdjeN7MA7vq1JwZ4DJxC1IFBVqB/eUNYpxyIjRmSKm+6yTaz5DUFDOSV7xUkQThMRqSvqECcaL8bBYgh6dGGcAoluYJDWfq740McaUmPDSTHOmRWvSm4n9eP9XRtZ9RkaSaCDw/FKUMmpDTNuCASoI1mxiCsKTmrxCPkERYm84qpgR3MfIy6dRr7mXNvb+oNm6KOsrgGJyAM+CCK9AAd6AF2gCDHDyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHf9mVsg==</latexit>

kf ⇠ k2D!3D

<latexit sha1_base64="MOTfdJsgjX6m+BP0bM1W9F9ljrs=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWME88BkDbOT2WTIPJaZWSEs+QsvHhTx6t9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkPXcMEGj1m1UmvVPYr/gxomQQ5KUOOeq/01e0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2cUTdOqUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MZXYcZkkloqyXxRnHJkFZq+j/pMU2L52BFMNHO3IjLEGhPrQiq6EILFl5dJs1oJLirB3Xm5dp3HUYBjOIEzCOASanALdWgAAQnP8ApvnvFevHfvY9664uUzR/AH3ucPMrWQnA==</latexit>

⇠ k2

Celani, S. Musacchio, D. Vincenzi, Turbulence in more than two and less than three dimensions. Phys. Rev. Lett. 
104(18), 184506 (2010)

A. Alexakis, L. B. , Cascades and transitions in turbulent flows. Phys. Rep. 767, 1–101 (2018)

<latexit sha1_base64="xv1MYTIgYx74i708g3/ZF9tyCos=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRS48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqz0UO97/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+q6t1fVmq3eRxFOIFTOAcPrqEGdWhAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDEeY12</latexit>

H1

<latexit sha1_base64="A8ZnIQVzrj47rMds0WbB0T1UgQM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj00mNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qPer/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindV8e4vy7XbPI4CnMIZXIAH11CDOjSgCQyG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gDF/Y13</latexit>

H2

<latexit sha1_base64="PpD8EIOCkYXas1C/LDUb+wDDJvw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRS48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuTaiFg94CThfkSHSoSCUbTSfb1/3i9X3Ko7B/lLvJxUIEejX/7sDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5scqAhLG2pZDM1Z8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyX9I6q3qXVe/uolK7yeMowhEcwyl4cAU1qEMDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xvHgY14</latexit>

H3

NON LOCAL TRIADS

LOCAL TRIADS



<latexit sha1_base64="UXk7CQOaN8B2ut246VtGpHp3JUg=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe9E1MIiaJMygvmAyxH2NnvJkr29Y3dOCCE/w8ZCEVt/jZ3/xk1yhUYfDDzem2FmXphKYdB1v5zCyura+kZxs7S1vbO7V94/aJkk04w3WSIT3Qmp4VIo3kSBkndSzWkcSt4OR3czv/3ItRGJesBxyoOYDpSIBKNoJb9Oboh3Nup1VdYrV9yqOwf5S7ycVCBHo1f+7PYTlsVcIZPUGN9zUwwmVKNgkk9L3czwlLIRHXDfUkVjboLJ/OQpObFKn0SJtqWQzNWfExMaGzOOQ9sZUxyaZW8m/uf5GUbXwUSoNEOu2GJRlEmCCZn9T/pCc4ZybAllWthbCRtSTRnalEo2BG/55b+kdV71Lqve/UWldpvHUYQjOIZT8OAKalCHBjSBQQJP8AKvDjrPzpvzvmgtOPnMIfyC8/ENgNGQGw==</latexit>

H < 1/k⌫

<latexit sha1_base64="YAXFV58HPbGapXJySHSchQxV2bc=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7orop6k6KXHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsrq2vlHcLG1t7+zuufsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0d3Ubz1RpVksH8w4oYHAA8kiRrCx0mMN3SD/bNSLem7Zq3gzoGXi56QMOeo996vbj0kqqDSEY607vpeYIMPKMMLppNRNNU0wGeEB7VgqsaA6yGYHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66Qmug4yJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BX3x5mTTPK/5lxb+/KFdv8ziKcATHcAo+XEEValCHBhAQ8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwDr948w</latexit>

H > 1/kfVERY THIN

VERY THICK

A. ALEXAKIS
Reviews of Modern Plasma Physics (2023)

INVERSE FLUXDIRECT  FLUX



TURBULENCE OR TURBULENCES?  ROTATION

NEW CONTROL PARAMETER



ANISOTROPIC 3D  
ENERGY INERTIAL 

RANGE

<latexit sha1_base64="LHsvX8xnaKmu1TOLLggN74hFZDs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJH/fzaNqv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKObIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LureVd17uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8ADu6O2g==</latexit>

kf

<latexit sha1_base64="DzruqWQOPui2rjVKENqopgx9eso=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBCSS9gVUY9BETxGMA9JljA7mU2GzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/WbT1QbpuSDHSU0FLgvWcwItk565Kpfui0Ny+VuoehX/BnQMgkyUoQMtW7hq9NTJBVUWsKxMe3AT2w4xtoywukk30kNTTAZ4j5tOyqxoCYczw6eoFOn9FCstCtp0Uz9PTHGwpiRiFynwHZgFr2p+J/XTm18FY6ZTFJLJZkvilOOrELT71GPaUosHzmCiWbuVkQGWGNiXUZ5F0Kw+PIyaZxVgotKcH9erF5nceTgGE6gBAFcQhXuoAZ1ICDgGV7hzdPei/fufcxbV7xs5gj+wPv8AU5qj24=</latexit>

log(E(k))

<latexit sha1_base64="K9sEEnXwzaQeMaBKz60vGqwHnIs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc1uRpURme9Utmv+jOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhxmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNqcFkN7i/KtZs8jgIcwwlUIIArqMEd1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AfXGjro=</latexit>

log(k)
<latexit sha1_base64="Klz8V9pArWb6dRK31vzqBd3hmGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5435PZv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqu49XNYat0UcZTiBUzgHD66hAffQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx84nz/frY67</latexit>

k⌫

IN
JE

CT
IO

N

<latexit sha1_base64="u4VnEGnWJoAIFwkWdqZ6qOpVipE=">AAAB9HicbVC7TgMxENzjGcIrQEljESHREO54lxE0lEEiDyk5Ip/jS6zYvsP2RYpO+Q4aChCi5WPo+Buc5ApIGGml0cyudneCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+7divD6jSLJIPZhhTX+CuZCEj2FjJb2kmUP8xPb44ORu1C0W35E6A5omXkSJkqLQLX61ORBJBpSEca9303Nj4KVaGEU5H+VaiaYxJH3dp01KJBdV+Ojl6hA6t0kFhpGxJgybq74kUC62HIrCdApuenvXG4n9eMzHhtZ8yGSeGSjJdFCYcmQiNE0AdpigxfGgJJorZWxHpYYWJsTnlbQje7MvzpHZa8i5L3v15sXyTxZGDfTiAI/DgCspwBxWoAoEneIZXeHMGzovz7nxMWxecbGYP/sD5/AGJwZFM</latexit>

⇠ k�5/3

<latexit sha1_base64="+jmwvNUV6YwvAxkekzTtls22R1o=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqEkFQLGChbGItGH1KSR4zqtVduJbAepirLwKywMIMTKZ7DxN7htBigc6UpH59yre+8JE0aVdpwvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLxzdTvPBCpaCzu9SQhPkdDQSOKkTZSYB94inJI+tnpuF8/GweZJ9K8X88Du+rUnBngX+IWpAoKNAP70xvEOOVEaMyQUj3XSbSfIakpZiSveKkiCcJjNCQ9QwXiRPnZ7IEcHhtlAKNYmhIaztSfExniSk14aDo50iO16E3F/7xeqqMrP6MiSTUReL4oShnUMZymAQdUEqzZxBCEJTW3QjxCEmFtMquYENzFl/+Sdr3mXtTcu/Nq47qIowwOwRE4AS64BA1wC5qgBTDIwRN4Aa/Wo/VsvVnv89aSVczsg1+wPr4B8YiV/w==</latexit>

⇠ e�k2/k2
⌫

<latexit sha1_base64="u4VnEGnWJoAIFwkWdqZ6qOpVipE=">AAAB9HicbVC7TgMxENzjGcIrQEljESHREO54lxE0lEEiDyk5Ip/jS6zYvsP2RYpO+Q4aChCi5WPo+Buc5ApIGGml0cyudneCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+7divD6jSLJIPZhhTX+CuZCEj2FjJb2kmUP8xPb44ORu1C0W35E6A5omXkSJkqLQLX61ORBJBpSEca9303Nj4KVaGEU5H+VaiaYxJH3dp01KJBdV+Ojl6hA6t0kFhpGxJgybq74kUC62HIrCdApuenvXG4n9eMzHhtZ8yGSeGSjJdFCYcmQiNE0AdpigxfGgJJorZWxHpYYWJsTnlbQje7MvzpHZa8i5L3v15sXyTxZGDfTiAI/DgCspwBxWoAoEneIZXeHMGzovz7nxMWxecbGYP/sD5/AGJwZFM</latexit>

⇠ k�5/3

DIRECT ENERGY CASCADE

DIRECT ENERGY CASACADE

2D  INERTIAL RANGE

3D ENERGY 
INERTIAL RANGE

INVERSE ENERGY CASCADE

<latexit sha1_base64="gy2Z2WdS/OrWVlV9AG+kYl96Iik=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHaDqMegF48RzAOSNcxOZpMh81hmeoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWika3U7/1xIzlWj3AOGGhJAPFY04JOKnTtVzi0WN2Xp30SmW/4s+Al0mQkzLKUe+Vvrp9TVPJFFBBrO0EfgJhRgxwKtik2E0tSwgdkQHrOKqIZDbMZidP8KlT+jjWxpUCPFN/T2REWjuWkeuUBIZ20ZuK/3mdFOLrMOMqSYEpOl8UpwKDxtP/cZ8bRkGMHSHUcHcrpkNiCAWXUtGFECy+vEya1UpwWQnuL8q1mzyOAjpGJ+gMBegK1dAdqqMGokijZ/SK3jzwXrx372PeuuLlM0foD7zPH59CkNM=</latexit>

⇠ k�2

ZEEMAN SCALE

<latexit sha1_base64="EnqHfDID//gQH2GG7mf45rNXwZ8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2A9oQ9lsJ+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgkfYMNwIbCcKqQwEtoLRzdRvPaHSPI4ezDhBX9JBxEPOqLFSe9Tr3kkc0F654lbdGcgy8XJSgRz1Xvmr249ZKjEyTFCtO56bGD+jynAmcFLqphoTykZ0gB1LIypR+9ns3gk5sUqfhLGyFRkyU39PZFRqPZaB7ZTUDPWiNxX/8zqpCa/8jEdJajBi80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGRD8BZfXibNs6p3UfXuzyu16zyOIhzBMZyCB5dQg1uoQwMYCHiGV3hzHp0X5935mLcWnHzmEP7A+fwB4mWP3w==</latexit>

k⌦

COMBINED EFFECTS OF RESONANT 3D WAVES +
SLOW MANIFOLD (2D)



<latexit sha1_base64="+DrF3NwUm7W+xC0947ju/UYMtMw=">AAAB+nicbZDLSgMxFIYz9VbrbapLN8EiuCozIupKim7cWcFeoB2GTHqmDU0yQ5JRSu2juHGhiFufxJ1vY9rOQqs/BD7+cw7n5I9SzrTxvC+nsLS8srpWXC9tbG5t77jl3aZOMkWhQROeqHZENHAmoWGY4dBOFRARcWhFw6tpvXUPSrNE3plRCoEgfcliRomxVuiWuzcC+gRf4DmENHQrXtWbCf8FP4cKylUP3c9uL6GZAGkoJ1p3fC81wZgowyiHSambaUgJHZI+dCxKIkAH49npE3xonR6OE2WfNHjm/pwYE6H1SES2UxAz0Iu1qflfrZOZ+DwYM5lmBiSdL4ozjk2CpzngHlNADR9ZIFQxeyumA6IINTatkg3BX/zyX2geV/3Tqn97Uqld5nEU0T46QEfIR2eohq5RHTUQRQ/oCb2gV+fReXbenPd5a8HJZ/bQLzkf3+2PkyU=</latexit>

⌦ > ⌦c

<latexit sha1_base64="EeswQjbBSBgmw/clT1c6pjDQuWw=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZUZEXbgounFnBfuAdiiZ9E4bmswMyR2xDP0AN/6KGxeKuPUD3Pk3po+Fth4IHM45N7k5QSKFQdf9dhYWl5ZXVnNr+fWNza3tws5uzcSp5lDlsYx1I2AGpIigigIlNBINTAUS6kH/auTX70EbEUd3OEjAV6wbiVBwhlZqF4othAcc35MFMoVh1rpR0GX0gk5Imw9tyi25Y9B54k1JkUxRaRe+Wp2Ypwoi5JIZ0/TcBP2MaRRcwjDfSg0kjPdZF5qWRkyB8bPxEkN6aJUODWNtT4R0rP6eyJgyZqACm1QMe2bWG4n/ec0Uw3M/E1GSIkR88lCYSooxHTVDO0IDRzmwhHEt7K6U95hmHG1/eVuCN/vleVI7LnmnJe/2pFi+nNaRI/vkgBwRj5yRMrkmFVIlnDySZ/JK3pwn58V5dz4m0QVnOrNH/sD5/AEwUJuv</latexit>

⌦ < ⌦c

IN
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N

A.Sen et al Jour Atmos Science 68, 2757 (2011)
E. Yarom et al PoF 25, 085105 (2013)
A. Campagne et al PoF 26, 125112 (2014)
L.B. F. Bonaccorso et al PRX 6, 041036 (2016)
E. Deusebio et al PRE 90, 023005 (2014)
A. Alexakis JFM 769, 46 (2015)

DOES THE INVERSE CASCADE PERSIST FOR ANY ASPECT RATIO? AND ROTATION STRONG ENOUGH?

Direct cascade Direct cascadeDIRECT CASCADEDIRECT CASCADE

SPLIT ENERGY CASCADE
SPLIT ENERGY CASCADE



TURBULENCE OR TURBULENCES? STRATIFICATION

NEW CONTROL PARAMETER
BRUNT-VAISALA FREQUENCY -> FROUDE NUMBER

<latexit sha1_base64="PSZBA1zdRWY8MAgRdbnDSSf/jNo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE1I1QdONKKtgHtKFMppN06GQSZyZCCPVX3LhQxK0f4s6/cdpmodUDl3s4517mzvETzpR2nC+rtLS8srpWXq9sbG5t79i7e20Vp5LQFol5LLs+VpQzQVuaaU67iaQ48jnt+OOrqd95oFKxWNzpLKFehEPBAkawNtLArt6gC9RX91LnoeksjPBkYNecujMD+kvcgtSgQHNgf/aHMUkjKjThWKme6yTay7HUjHA6qfRTRRNMxjikPUMFjqjy8tnxE3RolCEKYmlKaDRTf27kOFIqi3wzGWE9UoveVPzP66U6OPdyJpJUU0HmDwUpRzpG0yTQkElKNM8MwUQycysiIywx0SavignBXfzyX9I+rrundff2pNa4LOIowz4cwBG4cAYNuIYmtIBABk/wAq/Wo/VsvVnv89GSVexU4Resj2/jPpRM</latexit>

N =
p

g�

<latexit sha1_base64="N/EBWZoOVLkLENSRb/DG5XWv4dg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWjW4v6zUb/I4inACp3AOAVxBHe6gAU0g8AjP8ApvnvJevHfvY9Fa8PKZY/gD7/MHnlePKQ==</latexit>� = MEAN STRATIFICATION



ANISOTROPIC 3D  KINETIC AND 
POTENTIAL ENERGY INERTIAL RANGE

<latexit sha1_base64="LHsvX8xnaKmu1TOLLggN74hFZDs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJH/fzaNqv1ty6OwdZJV5BalCg2a9+9QYJy2KukElqTNdzUwxyqlEwyaeVXmZ4StmYDnnXUkVjboJ8fuyUnFllQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKObIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n4oNwVt+eZW0LureVd17uKw1bos4ynACp3AOHlxDA+6hCT4wEPAMr/DmKOfFeXc+Fq0lp5g5hj9wPn8ADu6O2g==</latexit>

kf

<latexit sha1_base64="DzruqWQOPui2rjVKENqopgx9eso=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBCSS9gVUY9BETxGMA9JljA7mU2GzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/WbT1QbpuSDHSU0FLgvWcwItk565Kpfui0Ny+VuoehX/BnQMgkyUoQMtW7hq9NTJBVUWsKxMe3AT2w4xtoywukk30kNTTAZ4j5tOyqxoCYczw6eoFOn9FCstCtp0Uz9PTHGwpiRiFynwHZgFr2p+J/XTm18FY6ZTFJLJZkvilOOrELT71GPaUosHzmCiWbuVkQGWGNiXUZ5F0Kw+PIyaZxVgotKcH9erF5nceTgGE6gBAFcQhXuoAZ1ICDgGV7hzdPei/fufcxbV7xs5gj+wPv8AU5qj24=</latexit>

log(E(k))

<latexit sha1_base64="K9sEEnXwzaQeMaBKz60vGqwHnIs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6nfqtJ6oNU/LBjhMaCjyQLGYEWyc1uRpURme9Utmv+jOgZRLkpAw56r3SV7evSCqotIRjYzqBn9gww9oywumk2E0NTTAZ4QHtOCqxoCbMZtdO0KlT+ihW2pW0aKb+nsiwMGYsItcpsB2aRW8q/ud1UhtfhxmTSWqpJPNFccqRVWj6OuozTYnlY0cw0czdisgQa0ysC6joQggWX14mzfNqcFkN7i/KtZs8jgIcwwlUIIArqMEd1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AfXGjro=</latexit>

log(k)
<latexit sha1_base64="Klz8V9pArWb6dRK31vzqBd3hmGc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5435PZv1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqu49XNYat0UcZTiBUzgHD66hAffQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx84nz/frY67</latexit>

k⌫

IN
JE

CT
IO

N

<latexit sha1_base64="+jmwvNUV6YwvAxkekzTtls22R1o=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqEkFQLGChbGItGH1KSR4zqtVduJbAepirLwKywMIMTKZ7DxN7htBigc6UpH59yre+8JE0aVdpwvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLxzdTvPBCpaCzu9SQhPkdDQSOKkTZSYB94inJI+tnpuF8/GweZJ9K8X88Du+rUnBngX+IWpAoKNAP70xvEOOVEaMyQUj3XSbSfIakpZiSveKkiCcJjNCQ9QwXiRPnZ7IEcHhtlAKNYmhIaztSfExniSk14aDo50iO16E3F/7xeqqMrP6MiSTUReL4oShnUMZymAQdUEqzZxBCEJTW3QjxCEmFtMquYENzFl/+Sdr3mXtTcu/Nq47qIowwOwRE4AS64BA1wC5qgBTDIwRN4Aa/Wo/VsvVnv89aSVczsg1+wPr4B8YiV/w==</latexit>

⇠ e�k2/k2
⌫

<latexit sha1_base64="u4VnEGnWJoAIFwkWdqZ6qOpVipE=">AAAB9HicbVC7TgMxENzjGcIrQEljESHREO54lxE0lEEiDyk5Ip/jS6zYvsP2RYpO+Q4aChCi5WPo+Buc5ApIGGml0cyudneCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+7divD6jSLJIPZhhTX+CuZCEj2FjJb2kmUP8xPb44ORu1C0W35E6A5omXkSJkqLQLX61ORBJBpSEca9303Nj4KVaGEU5H+VaiaYxJH3dp01KJBdV+Ojl6hA6t0kFhpGxJgybq74kUC62HIrCdApuenvXG4n9eMzHhtZ8yGSeGSjJdFCYcmQiNE0AdpigxfGgJJorZWxHpYYWJsTnlbQje7MvzpHZa8i5L3v15sXyTxZGDfTiAI/DgCspwBxWoAoEneIZXeHMGzovz7nxMWxecbGYP/sD5/AGJwZFM</latexit>

⇠ k�5/3

DIRECT KIN. ENERGY CASCADE

DIRECT ENERGY CASACADE

3D ENERGY 
INERTIAL RANGE

<latexit sha1_base64="gy2Z2WdS/OrWVlV9AG+kYl96Iik=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8GHaDqMegF48RzAOSNcxOZpMh81hmeoWw5DO8eFDEq1/jzb9xkuxBEwsaiqpuuruiRHALvv/trayurW9sFraK2zu7e/ulg8Om1amhrEG10KYdEcsEV6wBHARrJ4YRGQnWika3U7/1xIzlWj3AOGGhJAPFY04JOKnTtVzi0WN2Xp30SmW/4s+Al0mQkzLKUe+Vvrp9TVPJFFBBrO0EfgJhRgxwKtik2E0tSwgdkQHrOKqIZDbMZidP8KlT+jjWxpUCPFN/T2REWjuWkeuUBIZ20ZuK/3mdFOLrMOMqSYEpOl8UpwKDxtP/cZ8bRkGMHSHUcHcrpkNiCAWXUtGFECy+vEya1UpwWQnuL8q1mzyOAjpGJ+gMBegK1dAdqqMGokijZ/SK3jzwXrx372PeuuLlM0foD7zPH59CkNM=</latexit>

⇠ k�2

COMBINED EFFECTS OF GRAVITY WAVES +
SLOW MANIFOLD (1D)

DIRECT POTENTIAL ENERGY CASCADE

TOTAL ENERGY = POTENTIAL + KINETIC

<latexit sha1_base64="9qcnWarVscXuh8R0NNGVs31PFcc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1FjpYdS765UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3oXVe/+vFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8nUo23</latexit>

kO



DOES THE INVERSE CASCADE PERSIST FOR ANY ASPECT RATIO? AND STRATIFICATION STRONG ENOUGH?

DIRECT ENERGY CASCADE

Sozza, G. Boffetta, P. Muratore-Ginanneschi et al., 
Dimensional transition of energy cascades in stably
 stratified forced thin fluid layers. Phys. Fluids 27(3), 035112 (2015)

SPLIT ENERGY 
DIRECTIONAL
  CASCADE



TURBULENCE OR TURBULENCES? ROTATION+STRATIFICATION



FLUX-LOOP CASCADE: ZERO-FLUX & OUT-OF-EQUILIBRIUM

HELICITY INJECTION

ODD VISCOSITY





HIGH COMPLEXITY:
- STRONGLY NON-LINEAR (NON PERTURBATIVE)
- MULTI-SCALE (BILLIONS OF HYDRODYNAMICAL DEGREES OF DREEDOM)
- STRONGLY OUT-OF-EQUILIBIRUM (DISSIPATIVE ANOMALY IN 3D)
- NON-GAUSSIAN (INTERMITTENCY AND ANOMALOUS SCALING)

RICH PHENOMENOLOGY:
-DIRECT  ENERGY CASCADE  - 3D
-INVERSE ENERGY CASCADE + DIRECT ENSTROPHY CASCADE - 2D 
-FORWARD AND INVERSE ENERGY CASCADE – QUASI 2D, QUASI 3D, ROTATION, STRATIFICATION
-INVERSE ENERGY CASCADE  - 3D + HELICITY
-FLUX-LOOP (0 FLUX -> BIDIRECTIONAL CASCADE) ODD-VISCOSITY FLUIDS, STRATIFICATION 2D 

MULTI FEATURES: 
A STORY OF: LOCAL VS NON-LOCAL FOURIER INTERACTIONS, INERTIAL AND GRAVITY WAVES, 
SLOW-MANIFOLDS, TOPOLOGICAL CONSTRAINTS

TURBULENCE IS 



J. von NEUMANN (1949)



HOW/WHERE TO USE DATA-DRIVEN TOOLS TO ATTACK TURBULENCE?

1. TO SUPER-RESOLVE/MODEL SMALL-SCALES PROPERTIES IN DNS MODELS:

Solver-in-the-Loop: Learning from Differentiable Physics to Interact with Iterative PDE-Solvers
Kiwon Um, Robert Brand, Yun (Raymond)Fei, Philipp Holl, Nils Thuerey



HOW/WHERE TO USE DATA-DRIVEN TOOLS TO ATTACK TURBULENCE?

2. TO GENERATE/AUGMENT PARTIAL FIELD OBSERVATIONS/MEASUREMENT

GENERATIVE ADVERSARIAL TOOLS GENERATIVE DIFFUSION MODELS

Synthetic lagrangian turbulence by generative diffusion models
T Li, L B., F Bonaccorso, MA Scarpolini, M Buzzicotti arXiv:2307.08529

Multi-scale reconstruction of turbulent rotating flows with proper orthogonal decomposition 
and generative adversarial networks T Li, M Buzzicotti, L B., F Bonaccorso, S Chen, M Wan
Journal of Fluid Mechanics 971, A3 (2023)

BACKWARD DENOISING PROCESS

FORWARD DIFFUSION PROCESS



HOW/WHERE TO USE DATA-DRIVEN TOOLS TO ATTACK TURBULENCE?

3. FOR OPTIMAL NAVIGATION POLICIES OF LAGRANGIAN ACTIVE SMALL OBJECTS

Optimal tracking strategies in a turbulent flow. Calascibetta, C., B. L., Borra, F. et 
al. Commun Phys 6, 256 (2023).

Zermelo’s problem: optimal point-to-point navigation in 2D turbulent flows using 
reinforcement learning. L B. F Bonaccorso, M Buzzicotti, P Clark Di Leoni, K 
Gustavsson Chaos: An Interdisciplinary Journal of Nonlinear Science 29 (2019)



HIGH COMPLEXITY:
- STRONGLY NON-LINEAR (NON PERTURBATIVE)
- MULTI-SCALE (BILLIONS OF HYDRODYNAMICAL DEGREES OF DREEDOM)
- STRONGLY OUT-OF-EQUILIBIRUM (DISSIPATIVE ANOMALY IN 3D)
- NON-GAUSSIAN (INTERMITTENCY AND ANOMALOUS SCALING)

RICH PHENOMENOLOGY:
-DIRECT  ENERGY CASCADE  - 3D
-INVERSE ENERGY CASCADE + DIRECT ENSTROPHY CASCADE - 2D 
-FORWARD AND INVERSE ENERGY CASCADE – QUASI 2D, QUASI 3D, ROTATION, STRATIFICATION
-INVERSE ENERGY CASCADE  - 3D + HELICITY
-FLUX-LOOP (0 FLUX -> BIDIRECTIONAL CASCADE) ODD-VISCOSITY FLUIDS, STRATIFICATION 2D 

MULTI FEATURES: 
A STORY OF: LOCAL VS NON-LOCAL FOURIER INTERACTIONS, INERTIAL AND GRAVITY WAVES, 
SLOW-MANIFOLDS, TOPOLOGICAL CONSTRAINTS

HOW TO BREAK THE DEDLOCK?
USE ANY POSSIBILE TOOL: SYNERGIES BETWEEN GOOD ANALITICAL THEORIES/MODELS + 

WELL PLANNED EXPERIMENTS/NUMERICAL SIMULATIONS + DATA-DRIVEN APPROACH

TURBULENCE IS 



1. WE DO NOT CONTROL THE MEAN ENERGY FLUX:  DOES THE INJECTED ENERGY FLOW TOWARDS SMALL-SCALES OR  TOWARDS LARGE-SCALES (OR BOTH)?
2. WE DO NOT CONTROL THE SCALE-BY-SCALE MEAN  ENERGY SPECTRUM
3. WE DO NOT CONTROL NEITHER EULERIAN NOR LAGRANGIAN  FLUCTUATIONS AROUND THE MEAN GLOBAL PROPERTIES

BASIC FUNDAMENTAL OPEN PROBLEMS ABOUT GLOBAL AND LOCAL PROPERTIES

2D

3D

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

<latexit sha1_base64="12oc1zikf/c775+6mWSYUyVYcmQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpfvRY7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH5yo2Z</latexit>

k2

<latexit sha1_base64="Ql8SRXE926CQusPL+b9wM4ED+H0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXRT0WvXisYD+gXUs2zbax2WRJskJZ9j948aCIV/+PN/+NabsHbX0w8Hhvhpl5QcyZNq777RSWlldW14rrpY3Nre2d8u5eU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsY3Uz81hNVmklxb8Yx9SM8ECxkBBsrNUcP6clZ1itX3Ko7BVokXk4qkKPeK391+5IkERWGcKx1x3Nj46dYGUY4zUrdRNMYkxEe0I6lAkdU++n02gwdWaWPQqlsCYOm6u+JFEdaj6PAdkbYDPW8NxH/8zqJCa/8lIk4MVSQ2aIw4chINHkd9ZmixPCxJZgoZm9FZIgVJsYGVLIhePMvL5LmadW7qHp355XadR5HEQ7gEI7Bg0uowS3UoQEEHuEZXuHNkc6L8+58zFoLTj6zD3/gfP4AKqaO3Q==</latexit>

k�3



DIRECT ENERGY CASACADE
<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3
<latexit sha1_base64="12oc1zikf/c775+6mWSYUyVYcmQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpfvRY7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindR8e7Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AH5yo2Z</latexit>

k2



DIRECT ENSTROIPHY CASACADE

<latexit sha1_base64="Ic24qciz+ui2xyQpiX2u+0H/i6k=">AAAB73icbVC7TgMxEFyHVwivACWNRYREQ7jjXUbQUAaJPKTkiHyOL7Hi8x22Dyk65SdoKECIlt+h429wkisgYaSVRjO72t3xY8G1cZxvlFtYXFpeya8W1tY3NreK2zt1HSWKshqNRKSaPtFMcMlqhhvBmrFiJPQFa/iDm7HfeGJK80jem2HMvJD0JA84JcZKzcFDenR+fDrqFEtO2ZkAzxM3IyXIUO0Uv9rdiCYhk4YKonXLdWLjpUQZTgUbFdqJZjGhA9JjLUslCZn20sm9I3xglS4OImVLGjxRf0+kJNR6GPq2MySmr2e9sfif10pMcOWlXMaJYZJOFwWJwCbC4+dxlytGjRhaQqji9lZM+0QRamxEBRuCO/vyPKmflN2Lsnt3VqpcZ3HkYQ/24RBcuIQK3EIVakBBwDO8wht6RC/oHX1MW3Mom9mFP0CfPxACj1U=</latexit>

k�5/3

INVERSE ENERGY CASCADE



1. WE DO NOT CONTROL THE MEAN ENERGY FLUX:  DOES THE INJECTED ENERGY FLOW TOWARDS SMALL-SCALES OR  TOWARDS LARGE-SCALES (OR BOTH)?
2. WE DO NOT CONTROL THE SCALE-BY-SCALE MEAN  ENERGY SPECTRUM
3. WE DO NOT CONTROL NEITHER EULERIAN NOR LAGRANGIAN  FLUCTUATIONS AROUND THE MEAN GLOBAL PROPERTIES

BASIC FUNDAMENTAL PROBLEMS ABOUT GLOBAL AND LOCAL PROPERTIES

2D

3D

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech

<latexit sha1_base64="H91jguNit9uKHKlE1SO84EQ7RKs=">AAACAnicbVBNS8NAEN34WetX1ZN4CRbBU0lE1GNREI8V7Ae0pWw2k3bpZhN2J2IJwYt/xYsHRbz6K7z5b9y2OWjrg4HHezM7O8+LBdfoON/WwuLS8spqYa24vrG5tV3a2W3oKFEM6iwSkWp5VIPgEurIUUArVkBDT0DTG16N/eY9KM0jeYejGLoh7UsecEbRSL3SfgfhASfvpAr8LL3upSGwQZb1SmWn4kxgzxM3J2WSo9YrfXX8iCUhSGSCat12nRi7KVXImYCs2Ek0xJQNaR/ahkoagu6mk9WZfWQU3w4iZUqiPVF/T6Q01HoUeqYzpDjQs95Y/M9rJxhcdFMu4wRBsumiIBE2RvY4D9vnChiKkSGUKW7+arMBVZShSa1oQnBnT54njZOKe1Zxb0/L1cs8jgI5IIfkmLjknFTJDamROmHkkTyTV/JmPVkv1rv1MW1dsPKZPfIH1ucPxS6YUA==</latexit>

Fmech




