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Data driven tools for Lagrangian Turbulence



STOCHASTIC MODELS FOR LAGRANGIAN TURBULENCE: WHY?
T. Li,  LB,  F. Bonaccorso,  M. Scarpolini, M.  Buzzicotti. 

Synthetic Lagrangian Turbulence by Generative Diffusion Models. 
arXiv:2307.08529 (2023) – Submittted to Nature Machine Intelligence

GENERATION OF LARGE SYNTHETIC  DATA-BASE FOR 
(I) RANKING OF  PHYSICS FEATURES
(II) TESTING DOWNSTREAM APPLICATIONS/MODELS

(iii) DATA ASSIMILATION/INPAINTING FROM MISSING 
FIELD/EXPERIMENTAL OBERVATION 

(iv) CLASSIFICATION/INFERRAL OF MISSING/INTERNAL
PROPERTIES: 
(I) INERTIA
(II) SHAPE
(III) ACTIVE DEGREES OF FREEDOM 
(IV) ….
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GAUSSIAN – NO INTERMITTENCY

VISCOUS                          VISCOUS-INERTIAL        INERTIAL 
• UNIVERSALITY
• SCALE-BY-SCALE
     INTERMITTENCY
• VISCOUS-SCALE
      FLUCTUATIONS
• MF-PREDICTION
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backward proces

forward process

Diffusion Models 
‘Synthetica Lagrangian Turbulence: all you need is Diffusion Models’ T. Li, L.B, F. Bonaccorso, M. Scarpolini
and M. Buzzicotti (arXiv:2307.08529 2023, submitted Nature Machine Intelligence)
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LAGRANGIAN STRUCTURE FUNCTIONS GENERALIZED FLATNESS
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ACCELERATION PDF

SLIGTHLY SMALLER EFFECTIVE REYNOLDS NUMBER



FLATNESS2ND STRUCTURE 
FUNCTION

PDF



IMPUNTATION OF LAGRANGIAN TRAJECTORIES: CONDITIONAL DM

Gap size: ⁄𝑻𝑮 𝝉𝜼 = 𝟓𝟎, ⁄𝑻𝑮 𝑻𝑰 = ⁄𝟏 𝟒



Gaussian Process Regression (GPR)

Gap region, 𝑮

Measurement region, 𝑺

Training process:

computing the covariance with training data

Reconstruction with measurement, 𝓥𝑺:
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Probabilistic reconstruction

Results are obtained from 10240 
independent reconstructions
for the same measurement

Palette
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Probabilistic reconstruction

GPR

Results are obtained from 10240 
independent reconstructions
for the same measurement



OPTIMAL NAVIGATION POLICIES OF LAGRANGIAN ACTIVE SMALL OBJECTS

Optimal tracking strategies in a turbulent flow. Calascibetta, C., B. L., Borra, F. et 
al. Commun Phys 6, 256 (2023).

Zermelo’s problem: optimal point-to-point navigation in 2D turbulent flows using 
reinforcement learning. L B. F Bonaccorso, M Buzzicotti, P Clark Di Leoni, K 
Gustavsson Chaos: An Interdisciplinary Journal of Nonlinear Science 29 (2019)



(2) Optimal Control theory – Pontryagin minimum principle

Minimize

Imposing 
and other possible constraints, 
e.g.: 

state variables  

performance index

control variables  

(1)

capture’s distance

In our case:

Minimiz
e

Imposing  (1)
and the control 
constraint  

Minimize trajectories’ separation

Minimize time of arrival at the desired distance

• Model based and analytical tool

• Perfect knowledge required

border of controllability

<latexit sha1_base64="55j2Gj0MOuf8W8AAibMGtJtplR0="></latexit>

J = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t)]

<latexit sha1_base64="TFUufS5UW1eADCiGCJl1XjKnnT0=">AAACLHicbZDLSsNAFIYn3q23qEs3g0WoICWRot0IRTcuKxgttKFMpqc6dHJh5kQooa/iI/gUbnXlRsStz+EkzUKtZzMf/3+Gc84fJFJodJx3a25+YXFpeWW1sra+sbllb+/c6DhVHDwey1h1AqZBigg8FCihkyhgYSDhNhhd5P7tAygt4ugaxwn4IbuLxFBwhkbq283eIMasF8RyQDuTPp4VqMeheeiwVho1PDyiU/YKxsO+XXXqTlF0FtwSqqSsdt/+NKN4GkKEXDKtu66ToJ8xhYJLmFR6qYaE8RG7g67BiIWg/ay4cEIPUs0wpgkoKiQtRPj5I2Ohzpc2nSHDe/3Xy8X/vG6Kw6afiShJESKeD0IhoRikuRImOqADoQCR5ZsDFRHlTDFEUIIyzo2YmiwrJg/37/WzcHNcd0/qjatGtXVeJrNC9sg+qRGXnJIWuSRt4hFOHskzeSGv1pP1Zn1Yn9PWOav8s0t+lfX1DSnwpnA=</latexit>
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kR?k = kRt0k/100
<latexit sha1_base64="Egxav/8LUTucQDlV6BwxzhslyTo="></latexit>8
><
>:

Ẋ
(1)
t = v(X

(1)
t , t)

Ẋ
(2)
t = v(X

(2)
t , t) + U(t)

U(t) = Vsn̂(t)

<latexit sha1_base64="mgtYiyHftViNdwqPzgGnutk1g2o="></latexit>

kRt0k ⇠ Vs

�lyapunov

<latexit sha1_base64="XQgrw1nRBw52Iq55btbkBm02GvU=">AAACG3icbVC7TsNAEDzzDOEVoKQ5ESGgiWyEgAYJQUMZJBKQ4hCtL5vkxPls3a2RkJVP4BP4Clqo6BAtBQX/gm1SQGCaHc3sancniJW05LofzsTk1PTMbGmuPL+wuLRcWVlt2igxAhsiUpG5CsCikhobJEnhVWwQwkDhZXBzmvuXt2isjPQF3cXYDqGvZU8KoEzqVLb8Jhri/gAo9YNIde1dmBWuh9u0U3jXu/yIe51K1a25Bfhf4o1IlY1Q71Q+/W4kkhA1CQXWtjw3pnYKhqRQOCz7icUYxA30sZVRDSHadlo8NOSbiQWKeIyGS8ULEX9OpBDa/NCsMwQa2HEvF//zWgn1Dtup1HFCqEW+iKTCYpEVRmZJIe9Kg0SQX45cai7AABEayUGITEyy6MpZHt74939Jc7fm7df2zveqxyejZEpsnW2wbeaxA3bMzlidNZhg9+yRPbFn58F5cV6dt+/WCWc0s8Z+wXn/Amv5oI4=</latexit>

kn̂(t)k2 = 1

Lagrangian function



(2) Optimal Control theory – Pontryagin minimum principle

Minimiz
e

Imposing 
and other possible constraints, 
e.g.: 

state variables  

performance index

control variables  

(2)

In our case:

Minimiz
e

Imposing  (2)
and the control 
constraint  

LINEAR REGIME

• Model based and analytical tool

• Perfect knowledge required

border of controllability

<latexit sha1_base64="55j2Gj0MOuf8W8AAibMGtJtplR0="></latexit>

J = CF

�
X(tf )

�
+

Z tf

t0

dt [L(X(t),U(t), t)]

<latexit sha1_base64="TFUufS5UW1eADCiGCJl1XjKnnT0=">AAACLHicbZDLSsNAFIYn3q23qEs3g0WoICWRot0IRTcuKxgttKFMpqc6dHJh5kQooa/iI/gUbnXlRsStz+EkzUKtZzMf/3+Gc84fJFJodJx3a25+YXFpeWW1sra+sbllb+/c6DhVHDwey1h1AqZBigg8FCihkyhgYSDhNhhd5P7tAygt4ugaxwn4IbuLxFBwhkbq283eIMasF8RyQDuTPp4VqMeheeiwVho1PDyiU/YKxsO+XXXqTlF0FtwSqqSsdt/+NKN4GkKEXDKtu66ToJ8xhYJLmFR6qYaE8RG7g67BiIWg/ay4cEIPUs0wpgkoKiQtRPj5I2Ohzpc2nSHDe/3Xy8X/vG6Kw6afiShJESKeD0IhoRikuRImOqADoQCR5ZsDFRHlTDFEUIIyzo2YmiwrJg/37/WzcHNcd0/qjatGtXVeJrNC9sg+qRGXnJIWuSRt4hFOHskzeSGv1pP1Zn1Yn9PWOav8s0t+lfX1DSnwpnA=</latexit>

Ẋt = f(X(t),U(t), t)

<latexit sha1_base64="Ff8pdtGw8PnCdMdFDlO9Z3dkWR4="></latexit>(
X(tf ) = X? , X(t0)  X? ,

kU(t)k2 = 1 , kU(t)k2  1 , exc.

<latexit sha1_base64="MQDBFtBzXLBWhb2sEIQmfQ/b9rE="></latexit>

J = kRtf
k2+c

Z tf

t0

dt ✓(kRtf
k2 � kR?k2)

<latexit sha1_base64="fJg48k2JdLJVtzSjlCn7FaxXQvI=">AAACOnicbVDLSgNBEJz1GeMr6tHLYBA8xV0J6kUICuJRxUQhG5feSScOmX0w0yuEJX/kJ/gV3kS9eBOvfoC7cQ++6tJFVTfdXX6spCHbfrQmJqemZ2ZLc+X5hcWl5crKastEiRbYFJGK9JUPBpUMsUmSFF7FGiHwFV76g6Pcv7xFbWQUXtAwxk4A/VD2pADKJK9y7LZQE3f9SHXNMMgKP792DYHmX84B/6fDS8mzR4Wz7di2V6naNXsM/pc4BamyAqde5cXtRiIJMCShwJi2Y8fUSUGTFApHZTcxGIMYQB/bGQ0hQNNJx/+O+GZigCIeo+ZS8bGI3ydSCEx+atYZAN2Y314u/ue1E+rtd1IZxglhKPJFJBWOFxmhZRYk8q7USAT55chlyAVoIEItOQiRiUmWbDnLw/n9/V/S2qk5u7X6Wb3aOCySKbF1tsG2mMP2WIOdsFPWZILdsQf2xJ6te+vVerPev1onrGJmjf2A9fEJO4msng==</latexit>

kR?k = kRt0k/100

<latexit sha1_base64="mgtYiyHftViNdwqPzgGnutk1g2o="></latexit>

kRt0k ⇠ Vs

�lyapunov

<latexit sha1_base64="XQgrw1nRBw52Iq55btbkBm02GvU=">AAACG3icbVC7TsNAEDzzDOEVoKQ5ESGgiWyEgAYJQUMZJBKQ4hCtL5vkxPls3a2RkJVP4BP4Clqo6BAtBQX/gm1SQGCaHc3sancniJW05LofzsTk1PTMbGmuPL+wuLRcWVlt2igxAhsiUpG5CsCikhobJEnhVWwQwkDhZXBzmvuXt2isjPQF3cXYDqGvZU8KoEzqVLb8Jhri/gAo9YNIde1dmBWuh9u0U3jXu/yIe51K1a25Bfhf4o1IlY1Q71Q+/W4kkhA1CQXWtjw3pnYKhqRQOCz7icUYxA30sZVRDSHadlo8NOSbiQWKeIyGS8ULEX9OpBDa/NCsMwQa2HEvF//zWgn1Dtup1HFCqEW+iKTCYpEVRmZJIe9Kg0SQX45cai7AABEayUGITEyy6MpZHt74939Jc7fm7df2zveqxyejZEpsnW2wbeaxA3bMzlidNZhg9+yRPbFn58F5cV6dt+/WCWc0s8Z+wXn/Amv5oI4=</latexit>

kn̂(t)k2 = 1

<latexit sha1_base64="N/xi3pLMR1ZsFW0x7aHHT2IWneI="></latexit>(
Ṙt = rvtRt + U(t) ,

U(t) = VSn̂(t) .

capture’s distance

Lagrangian function



𝑇! = Capture time: (time of arrival at the desired distance)

PDF of normalized capture time

Optimal Control vs heuristic policies in linear regime
<latexit sha1_base64="h9Y1GFTThGI2sPQ1uwKSixqzSN8="></latexit>

Ṙt = rvtRt + U(t)



𝑇" = Capture time: (time of arriving at the desired distance)

Optimal Control vs heuristic policies at small scales
<latexit sha1_base64="h9Y1GFTThGI2sPQ1uwKSixqzSN8="></latexit>

Ṙt = rvtRt + U(t)





Total Reward

# Episodes

PD
F

Starting Region

Reinforcement Learning (blue) 
vs 

Trivial Policy (green)

Flow kinetic energy 
at the particle position

Target

𝑉#
max 𝑢

∼ 0.2

Time-Dependent 2D Turbulent Flow





WHAT WE HAVE:

- QUICK STOCHASTIC TOOL TO GENERATE REALISTIC 3D TRAJECTORIES OF TRACERS IN 
HOMOGENEOUS AND ISOTROPIC TURBULENCE, EASY TO GENERALISE FOR DIFFERENT 
APPLICATIONS

- VERY GOOD QUANTITATIVE AGREEMENT WITH MULTI-SCALE STATISTICAL PROPERTIES

WHAT WE MISS:

- UNDERSTADING OF ROBUSTNESS IN GENERALISING OUT-OF-SAMPLE:
EXTREME EVENTS, DIFFERENT REYNOLDS NUMBERS, DIFFERENT PARTICLES’ PROPERTIES

-  UNDERSTANDING SCALING PROPERTIES FOR TIME-TO-SOLUTION AT CHANGING IN-SAMPLE
PROPERTIES, I.E. AT CHANGING DIMENSION  OF THE TRAINING DATASET, 
SETS OF HYPER-PARAMETERS,  CNN ARCHITECTURES: GAN, DM,  TRANSFORMERS

-WHAT-IF QUESTIONS: EXPLICABILITY OF THE GENERATED DATA, FEATURES RANKINGS,
PHYSICS DISCOVERY

arxive 2208.05003



https://smart-
turb.roma2.infn.it/


