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We study the statistical properties of helicity in direct numerical simulations of fully developed
homogeneous and isotropic turbulence and in a class of turbulence shell models. We consider cor-
relation functions based on combinations of vorticity and velocity increments that are not invariant
under mirror symmetry. We also study the scaling properties of high-order structure functions based
on the moments of the velocity increments projected on a subset of modes with either positive or
negative helicity (chirality). We show that mirror symmetry is recovered at small-scales, i.e., chiral
terms are subleading and they are well captured by a dimensional argument plus anomalous correc-
tions. These findings are also supported by a high Reynolds numbers study of helical shell models
with the same chiral symmetry of Navier-Stokes equations.
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I. INTRODUCTION

All phenomenological theories of three dimensional (3D) turbulence are based on the concept of
direct energy cascade [[1]. However, helicity is also an inviscid invariant of the 3D Navier-Stokes
equations (NSEs) defined as the scalar product of velocity w(x) with vorticity w(x). Its mean value

_1 [ ‘
H= V/Vd rzu(x) w(x), (1)

is exactly zero if the flow is invariant under mirror symmetry, w being a pseudovector. Since its dis-
covery [2-4], helicity has been the object of many speculations. In particular, it is not clear if the
presence of a nonzero mean helicity, globally or locally, can affect the statistical properties of the for-
ward energy cascade. On the one hand, because the nonlinear term of the NSE is locally proportional
to the solenoidal component of u X w, flows with a nonzero helicity might have a strongly depleted
energy transfer [5,16]. On the other hand, helicity is not sign-definite, and therefore cancellations might
eventually smooth-down this blocking mechanism [7, [8]. There exist instances where helicity plays a
key role, interfering with the energy transfer, as in rotating turbulence [9}10]], in shear flows [11]], and
in the case of an NSE confined to evolve on a subset of sign-definite helical modes [12H15]. In the
presence of a stationary helicity injection, we have an exact law which predicts the scaling properties
of a specific velocity-vorticity mixed third-order correlation function [[16H18]]. Nevertheless, this is not
a strong constraint for the whole statistics. Indeed, different phenomenological scaling for the spec-
tral properties has been proposed in the presence of two simultaneous fluxes of energy and helicity
(47, [19].

In this paper we further investigate the statistical properties of helicity in fully developed turbu-
lence by using high resolution direct numerical simulations (DNSs). In order to have a proper way
to distinguish the importance of mirror-symmetry-breaking contributions scale-by-scale, we study the
properties of a class of structure functions based on velocity increments decomposed on positive or
negative helical modes. The latter have the advantage of observable definitions that are sensitive to
lack of mirror symmetry for all moments, odd or even, differently from what was proposed eatlier in
Refs. [8,120]. Furthermore, we also introduce a set of velocity-vorticity correlation functions based on
the helicity cancellation exponent [21]] that allows us to quantify the breaking of mirror symmetry also
on quantities based on velocity gradients.

We show that helicity-sensitive observables are always subleading with respect to the ones dom-
inated by the energy flux. Results are also supported by studying analogous quantities in a helical
shell model [7, 22} [23]]. We show that the scaling behavior of chiral quantities is well captured by an
analytical contribution in terms of the helicity flux, plus a small anomalous correction.

II. PHENOMENOLOGICAL BACKGROUND
We consider the 3D forced NSE:
ou+u-Vu=-Vp+vAu+ f, 2)
where p is the pressure, v is the kinematic viscosity, and f is a parity-breaking external forcing mech-

anism with energy injection, ¢ = (u - f) and helicity injection, h = (u - (V x f) + w - f). Under
the assumptions of stationarity, homogeneity, and isotropy (but not mirror-symmetry) it is possible to



derive two exact equations for two-point third-order correlation functions [1} [16} [17, [24]:

4

((6:u)%) = —zer, 3)

(0ru(dru - 6pw)) (Orw(bru - Opu)) = —%hr, 4)

1
)
where §,.u and §,w are, respectively, the longitudinal velocity and vorticity increments, defined in terms
of the projection on the unit vector 7: §,X = 9, X - 7, and the generic vector increment between two
points is 5, X = X (r + x) — X (z). Notice that (4) is different from zero only in the presence of
a mirror-breaking forcing mechanism. The two exact scaling relations (3)—(4) are valid in the inertial
range, i.e., when the increment r is chosen in a range of scales where dissipative and forcing effects
can be neglected. Moreover, since helicity is not sign-definite, it is not possible to predict the energy
transfer direction: both a simultaneous cascade of energy and helicity toward small-scales and a split
cascade with energy flowing upward and helicity downward are possible [4, [11} (13} 25]. In order to
disentangle in a systematic way the statistical properties under mirror symmetry, it is useful to adopt
an exact decomposition of the velocity field in positive and negative Fourier helical waves [26], 27]:

w(a, t) = _[uf (Hh] +up, (D], 5)
k

where hf are the eigenvectors of the curl, i.e., ik X hi = ﬁ:kh,f. We choose hf = [ig X l%ﬁ:i/lk, where
[ig is a unit vector orthogonal to k satisfying the condition iy, = —[i_g, .2, fix = z X k/||z X k

bl

with any arbitrary vector z. In terms of such decomposition the total energy, E = [ d®z |u(x)|?, and
the total helicity are written as
E=Y luf P+ lug [ (6)
k
H=> k(lug” = lug *). (7)
K

It is useful to further distinguish the energy content of the positive and negative helical modes, E* (k) =
2 such that we have for the energy and helicity spectra [7]]:

+
Zkg\k|<k+1 |ug,

E(k) = E*(k)+ E~(k), (8)
H(k) = k[ET (k) — E~ (k)] 9)

It is straightforward to realize that the equivalent of (8)-(9) in real space is given by the second-order
correlation functions decomposed in terms of the fields u™ (z) = 3°,, ui (t)hi exp™®®

(0puibru;) = <5ru;r57»u;r) + (0pu; dpu; ), (10)
(6ruidrw;) = (Gpuf 6pwy 4+ (Spuy 6wy ), (11)

because both mixed terms (3,u;°6,w;F) and (3,u;Fd,uF ) vanish, due to the orthonormality of h;f.
It is not possible to derive a closed expression for the energy and helicity spectra from (3)-() alone,
because there exists a continuum of possible combinations of ¢, h and k£ with the correct dimensional
properties:

B(k) = 3 *hok 37, (12)
Different possibilities have been proposed, based on different closures of the spectral equations, de-
pending on the dynamical time-scale that drives the energy and helicity transfers. One possibility



is based on the idea that the only relevant time-scale is the one given by the energy fluctuations,

7 ~ ¢71/312/3 In this case we have the dimensional estimate for the (mirror invariant) energy

flux:
e ~ (Oruibrus) /T — ((0,u)?) ~ /30?3 (13)
while for the chiral term,
h ~ (5Tui57«w@->/7f = {0pui0pw;) ~ he1/342/3 (14)

Translating back to Fourier space we would then have for the semi-sum (mirror-symmetric) and the
semi-difference (mirror-antisymmetric) of the spectral components [7]]:

E* (k) + E~(k) ~ Cpe®/3k=5/3 (15)
E* (k) — E~(k) ~ Cghe /3,83 (16)

where C'r and C'yy are two dimensionless constants. Hence, the two energy components can be written
as:

E*(k) ~ Cpe?3k=03 £ Cyhe '\3E78/3 (17)

Another possible dimensional closure employs the helicity time-scale, 7./ ~ h=1/3¢1/3  to evaluate
both fluxes (13))—(14). In this case we have [19]:

E* (k) ~ Cpeh B~ £ Cyh®Pr=7/3 (18)

Relation breaks the —5/3 law for the energy spectrum and has been proposed to be valid only in
the high-k region of strongly helical turbulence, to explain the bottleneck observed close to the viscous
scale. Indeed, relation is not smooth for & — 0 and therefore cannot be considered a good option
if helicity is subleading. A third possible scenario is a split cascade, where energy flows upward and
helicity downward. In this case, in the forward-helicity cascade range, only h flux appears, and the
dimensional prediction gives:

E(k) ~ W37 H(k) ~ W33, (19)

This last scenario has never been observed in isotropic turbulence, unless a dynamical mode reduction
on helical modes with the same sign is imposed [12, 13| 27]. Besides the open issues concerning the
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FIG. 1. (a) Temporal evolution of total energy and helicity from DNS with injection of helicity (R1). (b) Flux
of energy IT?(r) = ((§,u))/r and flux of helicity TT* (r) = [T() + T3] /7, in real space, where 7() =
(6,u(S,u - 6,w)) and TR = —0.5(6,w(5,u - 6,u)) [see Eqs. —(EI)]. (c) Scaling of the first term 71, the
second term 7(?), and their sum in (@]} The solid line is drawn with slope 1 for comparison.



spectral properties and higher-order statistics are even less studied and understood. There are very
few measurements of the mirror-antisymmetric components of structure functions. As a result, while a
huge amount of work has been devoted to intermittency and anomalous scaling properties of the mirror-
symmetric components, very little is known about the helical components [8, 20]. In what follows we
will investigate further the statistical properties of helical turbulence concerning its spectral properties
and beyond, assessing also the chiral components of high-order correlation functions. In particular, we
will study the scaling properties of longitudinal structure functions based only on positive or negative
helical modes:

Sy (r) = ((6u™)P) . (20)

p

In terms of the above decomposition, we can define energy- or helicity-like structure functions, i.e.,
combinations that are symmetric or antisymmetric for the exchange of positive and negative helical
projections:

_ E
Sy (r) = ((ru™)P) + ((Gru”)P) ~ 10, 1)

_ H
Sy (r) = {(6ru™)?) = {(0pu™)P) ~ 10 (22)
The advantage of working with the above definition is to avoid observables based on vorticity incre-
ments, which are strongly influenced by viscous contributions and might not have a powerlaw scaling
in the inertial range. In order to have a dimensional estimate for 2I)-(22) we start from the phe-

nomenological predictions (I7) considering the helical component to be subleading. Then, one might
dimensionally write:

Sput ~ gl /3p1/3 1 e84/ (23)

and therefore conclude that, at the lowest order in A,

SE(r) ~ 875 +o(h), (24)
SH(r) ~ 57 hrst 4+ O(h?), (25)

where the second relation is obtained taking into account that the leading terms proportional to e?/3
cancel out.

Another possible way to highlight the scaling properties of the helical component of the scale-by-scale
velocity statistics is to look directly at the local helicity increments:

Hp(r) = (sign(d0,u;6rw;)|0ruidrwilF), (26)

where we have introduced the sign function in order to have a chiral observable for all orders of the
moment p [28]][29]. The mean value of the sign of local helicity, which gives a direct measure of the
relative importance of chiral-fluctuations with respect to the non-chiral background, is known as the
cancellation exponent [21], and can be estimated dimensionally to be:

Orui0rw; he=1/3y2/3
~ £2/371/3)-2/3

Ho(r) = < ~ he 1t /3p2/3 (27)
where we write the numerator in terms of its dominant helical contribution and the denominator as
the mirror-symmetric term with |§,u| ~ €'/3r1/3 and |§,w| ~ £/35~2/3, Here 7 is the Kolmogorov
length-scale, where the vorticity increment is expected to be maximal. As a result, we should have for
(26)) the scaling property:

’fsrui(srwi|

(28)
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FIG. 2. (a) Log-log plots of energy spectrum E(k) and its helical components E* (k). Inset: Compensated
energy spectra with predictions and . (b) Log-log plots of helicity spectrum H (k). Inset: Compensated
helicity spectra with predictions (I7) and (T8).

III. NUMERICAL SIMULATIONS OF NAVIER-STOKES EQUATIONS

We have performed a series of DNSs of the NSE (2)) with a fully-dealiased, pseudospectral code at
a resolution of 10243 collocation points on a triply periodic cubic domain of size L = 27. The flow is
sustained by a random Gaussian forcing with

(filk,t)fi(q.t) = F(k)o(k — q)o(t — ') Qi ;(k),

where Q;; (k) is a projector imposing incompressibility and F'(k) has support only for k¢ € [Kmin, Fmax]-
We carried out a DNS, namely, R1, where we inject maximal helicity by forcing only the positive helical
modes of the velocity (see Table [I).

TABLE I. Details of the simulations. N: number of collocation points along each axis; L: size of the periodic
box; v: kinematic viscosity; ky: range of forced wavenumbers; u,ms: Tms velocity; Rey = tUrmsA /v: Taylor-

microscale Reynolds number, where A = 27“ % is the Taylor microscale; e: mean energy dissipation

rate; 17: Kolmogorov length-scale; Tq: large-eddy-turnover time.
Run N L v kf Urms Rey € n To
R1 1024 21 0.001 [1,2] 3.4 320 3.2 0.004 0.3
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FIG. 3. Log-log plots of structure functions in real space for (a) second, (b) fourth, and (c) sixth order based
on positive or negative, S (r), helical modes and their combinations, SZ-#(r). S (r) are multiplied with a
scalar factor for better representation. Inset: Local slopes of the curves showing Cf H (1) and C;t (r) [see ].
Dimensional predictions (solid lines for p/3 and dashed lines for % + 1) are also shown for comparison, where
p is the order of the structure functions.
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FIG. 4. Scaling exponents CE “H of the chiral-symmetric and chiral-antisymmetric structure functions obtained
using ESS. The lines with slopes £ and £ +- 1 correspond to the dimensional predictions for Cf and C;I , respec-
tively. The errorbars show the variation of the exponents within the inertial range.
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FIG. 5. (Left): Log-log plots of helicity structure functions "Hp(r), defined in , forp =0, 1, 2 and 3. Inset:

local slopes of the same curves. Horizontal lines indicate the values %, %, 1, and % from bottom to top. (Right):

Scaling exponents C;" of H,,(r) obtained using ESS. The line with slope % corresponds to the dimensional
prediction. The errorbars show the variation of the exponents within the inertial range.

In Fig. [Ta) we show the evolution of the total energy E' and helicity H, and of their fluxes in real
space [Fig. [T[b)]. Itis clear that the system is in a stationary state with a dual forward cascade of energy
and helicity. Figure[I|c) shows that the two contributions entering in () have different properties in
the inertial range and that only their sum shows a good linear behavior as predicted by the constant-
helicity-flux solution. This is not surprising; we must expect that in the presence of two transferred
quantities only particular combinations of correlation functions might have an exact scaling behavior,
while any general combination of fields might be affected by leading and subleading contributions.

In Fig.[2]we show the energy and helicity spectra and their positive and negative helical components
E*(k). We observe that the predictions — give a better compensation at least for not too
high wavenumbers where a dissipative bottleneck is known to affect the local scaling properties. At
those wavenumbers, the relative helicity H (k)/kE (k) is already very small and it is unlikely that the
bottleneck is due to some helical effects as proposed by (I8). Concerning real-space quantities, in Fig. 3|
we show the scaling of structure functions of positive and negative helical components of velocity



together with their combinations for the second, fourth and sixth order. To verify the dimensional
scaling predictions — we calculate the local slopes of S,],E (1) and S;t(r):

~dlog SE’H(T)
N d logr

_dlog S;)t (r)

S (r) , GE(r) = , (29)

dlogr

as shown in the insets of Fig.[3] We then used ESS [30] to obtain a better fit of the relative scaling
exponents in the inertial range: ¢, /(3. In Fig. @ we compare the scaling exponents ¢, and
their dimensional predictions (24)—(23). To derive the absolute value of the scaling exponents out of
the ESS scaling we have assumed, Cf = 1land C?f{ = 2 in agreement with the exact scaling properties
(3)—@). From this figure we can see that the dimensional prediction is well verified, except for the
presence of a small anomalous correction for high-order moments.

In Fig. [5| we show the scaling behavior of #,(r) for values of p from 0 to 3 compared with the
dimensional prediction (28). This works well up to p ~ 1.5, while for p > 2 nontrivial anomalous
corrections appear.

In summary, the scaling exponents for the two sets of helicity-sensitive structure functions S]f] (r)
agree well with the dimensional estimate except for a small anomalous correction which is of the same
order of the one observed for the mirror-symmetric terms. One might argue that the two set of anoma-
lous exponents should be correlated, being connected to the dependency on the energy dissipation on
the right-hand side of (24)—(25)). It is important to notice that helicity is not positive definite, and its
dissipation can be split in two different channels, one for positive and one for negative helical compo-
nents. The theoretical dependency on the Reynolds number of the two processes and of the total helicity
dissipation is discussed in Refs. [[7} 29, 31]]. Further studies of changing Reynolds number would be
needed to clarify the existence of a dissipative anomaly for the helicity cascade and the dependency
of the whole statistics on the turbulence intensity. The multiscale nature of the correlation involving
vorticity and velocity in #,,(r) might be particularly sensitive to fluctuations of the dissipative physics,
hence explaining the large intermittent correction shown in Fig. [5

In order to investigate further the statistics of the helicity transfer we present in the next section a
study of helical shell models, where it is possible to considerably increase the Reynolds number.

IV. HELICAL SHELL MODELS

To check the robustness of the previous findings, we studied the same helical structure functions
in a family of helical shell models [23]. Shell models have been useful to study cascade processes
and scaling behaviors in turbulent flows since they allow us to achieve very high Reynolds numbers in
numerical simulations [22, [31-36]].

Shell models are based on a simplified dynamical evolution of the energy and helicity transfer by
keeping only one (or a few) modes for each spherical shell in Fourier space. They represent a drastic
non exact reduction of the degrees-of-freedom of the NSE. The original idea is to describe the evolution
of a single complex variable w,,, representing all the modes in a shell of wavenumbers k € [k, k1],
with k,, equispaced in logarithmic scale, k,, = 2™kq. The first step to have a realistic helical structure
was done in Ref. [23]], where two complex variables u;} and u,, carrying positive or negative helicity
were introduced for every wavenumber. This lead to four independent classes of helical shell models,
mimicking exactly the four classes of helical interactions of the original NSE [27]]. Other models based
on similar decompositions have also been proposed [18} 37, 38]]. Here we follow the structure given in
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FIG. 6. Time evolution of total energy (3I)) and total helicity (32) in a typical run of the shell model simulation.

[23], where the four possible models have the general form:

OF S S9% S S4%
Uy = i(akng 1yt gup’ty + bkpuy’ upt

n—1
S5 56 + 2, +
+ Cknflun—lun—ﬁ + fn - anun ) (30)
- . —81 , —So% —83 , —Sa%
Uy, =i(akni1u, T Hu, 75 + bkpuy, P, 2y
—85, —S — 2, —
+ ckp—1w, "u, %) + f, — vkhu, .

The helicity indices s; = =+ are reported in Table [lI] and the coefficients a, b, and ¢ can be found in
Table [

TABLE II. Helicity indices s, in (30) for the four helical shell models.

Model S1 So S3 S4 S5 S6
No. 1 + - - — - +
No. 2 — — + - + -
No. 3 — + - + - -
No. 4 + + + + + +

TABLE III. Coefficients of Egs. (30) for the four helical shell models. These values depend on the shell-to-shell
ratio A = ky, /kn—1; here A = 2. These coefficients guarantee energy and helicity conservation. Conventionally,
and without loss of generality, we always choose a = 1.

Model b c

No. 1 -1/2 1/2
No. 2 —5/2 —3/2
No. 3 -5/6 1/6
No. 4 —3/2 -1/2

The four classes of interactions conserve energy and helicity separately, as in the original NSE,
provided that the coefficients a , b, and ¢ are chosen appropriately. The added value with respect to
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FIG. 7. Log-log (base 2) plots of the symmetric and antisymmetric (35)-(36) structure functions of different
orders p = 0.2 (a), p = 2 (b), p = 4 (¢c), p = 6 (d). Straight lines correspond to the predictions @2)-{@3).

simpler shell models is that the energy and helicity now have structures similar to (6)—(7) for the NSE
[27]:

N

E=E"+E =) (luf* + u,*), (31)
n=0
N

H=H"+H = kn(luf* = |u, [*). (32)
n=0

Here we consider only model no. 3 because its dynamics is known to be dominated by a forward energy
cascade, with scaling properties very similar to those of the original NSE [/, [23]. The equations that
we integrate are the following:

iy = i(akn 1t gty Ty + Dkntty yun

+ chn—1u,_Uy_o) — vkpud + fiF 33
iy, = i(akn 1l oty 1y + Dknu gyt

+ chpo1ut ul o) —vk2u, + f

We used a fully helical forcing, injecting energy only on the positive modes of the first two shells
fof = &0 +i&o, fi7 = 0.5(&.1 + i&1) (where all £ are Gaussian random variables with (£) = 0
and (£2) = 1), in order to mimic the set-up of the previous section. The number of shells is N = 25,
ko = 1, the shell-to-shell ratio is A = ky,/k,—1 = 2, and the viscosity is v = 1.5 - 10~7. The time
integration is given by a second order Adams-Bashforth scheme, with explicit integration of the viscous
term [39]. With this setup, the Reynolds number is Re ~ 107, and the large scale eddy turnover time
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FIG. 9. Exponents of the symmetric and antisymmetric structure functions (34)-(36)) as functions of order p. The
values are obtained as the mean of linear fits over different ranges of shells. The error bars show the dispersion
as a function of the fitting ranges.

is 79 ~ 1. We let the system evolve for a total time ~ 10°7). In Fig. @ we show the typical evolution
of the total energy and of the total helicity in one simulation.

In full analogy with the definitions used in Sec. [l for NSE, we can write mirror-symmetric and
mirror-antisymmetric structure functions as:

SE(kn) = (i [P) + (Juz 1) ~ B2 | (34)
SH (k) = (Jut 7Y = (Juz [P) ~ b (35)

Additionally, we can define mirror-antisymmetric structure functions based on the third order correla-
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tion function responsible for the helicity flux [29] 40]:

—clH
SH (k) = (sign(I) [k, 21 ) (36)
where for shell model (33) the instantaneous helicity flux at shell 7 is:
oL a a
m =S H = <X+b> 51 + Lo 37)
i=0
where 51 = —Qk%(C’;n —Cj5,) with C’;n = Im(uLluf*ufﬁl). Also for shell models it is possible

to use a dimensional argument to predict the scaling of mirror-symmetric and mirror-antisymmetric
quantities. Let us consider the energy and helicity balance equations in the inertial range, where dissi-
pative effects are negligible:

e= L,  h=ly, (38)

where ¢ and h are the energy and helicity input at large scales, respectively. The instantaneous energy
flux at shell n is:

0F =>"F = (a+b)6F +adl,,, (39)
1=0

where 6,7 = —2k,(C5,, + C3,), while the helicity flux is defined in . As a consequence,
(C5,) ~ ekt £ hk,” . (40)
We can then identify

(Ju]) ~ (|CE, M%) . (41)

Substituting (#1)) in (34) and (35)) and considering that (36) should have the same chirality and dimen-
sions of (35]), we get the predictions:

SF (k) ~ kpP/3, (42)
SH(ky) ~ ST (ky) ~ K, /3T (43)

In Fig. |7| we show the scaling observed for Sf(kn), SI{{ (kyn) and SII}H (ky) at changing p. The
scaling regime for the helical components is deteriorating for higher moments. In particular we observe
a change of sign for the antisymmetric structure functions in the middle of the inertial range, hence
we plot the absolute values. Spurious contributions to the powerlaw scaling can be a consequence of
contaminations coming from the viscous range or from inertial subleading terms. In order to clarify
this point, we performed another set of simulations with N = 31 shells and Re ~ 3 - 10°. As can
be seen from Fig. [8] even with a longer inertial range, the change of sign and the deterioration in the
scaling for high-order helical structure functions are still present, indicating that viscosity might not
be the primary cause. In Fig.[9) we summarize the behavior of all scaling exponents, compared with
the dimensional predictions (#2)—(43)). For higher orders, a deviation from the dimensional prediction
is observed. As seen in Sec. for the original NSE, this is possibly due to intermittent corrections
or subleading contributions coming from sub-leading corrections in the helicity flux. Even though
the presence of a change of sign in higher-order moments results in large errorbars in the estimate
of the scaling exponents, our measurements are in good agreement with those reported in [29]. Our
observations disagree with the scaling of subgrid helicity flux measured in DNS of the NSE, reported
in Ref. [8]. However, in the latter case, the helicity flux is taken with absolute values, leading to a
possible mixing among chiral and mirror-symmetric contributions.
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V. CONCLUSIONS

We have studied the statistical properties of helicity in DNS of high Reynolds number flows. We fo-
cused on a set of observables sensitive to mirror symmetry, studying the scaling properties of structure
functions based on either helical-projected velocity fields or on velocity-vorticity correlations. In both
cases we found that chiral contributions are subleading with respect to their counterparts involving only
mirror-symmetric components. We investigated the scaling behavior of these subleading corrections
in high-order structure functions. A dimensional argument assuming that the main chiral contributions
are analytical in the helicity flux captures the power law scaling quite well, except for some anomalous
correction. Controlling the multiscale amplitudes of chiral fluctuations is key to develop also subgrid
turbulent models for flows that break mirror symmetry either globally or locally [41]. Furthermore,
we extended our analysis to higher Reynolds numbers by measuring the statistics of helicity in shell
models. Also in shell models we found a scaling behavior quantitatively similar to what reported for
the Navier-Stokes equations, including the presence of correction to scaling even at extremely high
Reynolds numbers.
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