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We perform a renormalization group study of the first order phase transition of the two dimensional Z(10) Potts model for 
which an ambiguous determination of the critical temperature was claimed. Allowing the system to flip between the two different 
phases in the large-volume limit near the critical point one can determine the critical temperature without ambiguity. 

Recently renormal iza t ion  group studies of  first or- 
der phase t ransi t ions  have raised a new interest  in 
connect ion with the de te rmina t ion  of  the order  of  the 
deconf inement  t ransi t ion in latt ice quan tum chro- 
modynamics .  A great effort has been devoted to the 
study of  the three state three dimensional  Potts model  
to which the effective hami l ton ian  of  Polyakov loops 
of  the original four d imensional  gauge theory re- 
duces. The model  has been s tudied for different  val- 
ues of  the first neighbour  and second neighbour  cou- 
plings and in par t icular  for both ferromagnet ic  and 
ant i ferromagnet ic  values of  the latter. The results ob- 
ta ined with a renormal iza t ion  group study agree with 
those obta ined  from finite size scaling analyses and 
confirm the first order  character of  the transit ion [ 1 ]. 
However,  previous renormal iza t ion  studies of  the 
Z ( 1 0 )  two d imensional  model  [2] have ident if ied a 
"pa tho logy"  consist ing in an ambiguous  determina-  
l ion of  the d iscont inuous  fixed point  of  a first order  
phase t ransi t ion.  According to the renormal iza t ion  
group analysis of  Hasenfratz  et al., instead of  a single 
value for the critical t empera ture  one obtains  two 
different de te rmina t ions  as a result of  the constraint  
imposed to the system of  approaching the cri t icali ty 
from one and only one of  the two possible phases co- 

existing at the t ransi t ion point.  The constraint  is im- 
p lemented  by selecting the start ing configurat ion of  
the system to be in a given phase and by removing 
the tunneling to the other phase by going to volumes 
large enough. In these s imulat ions  the large-volume 
l imit  is per formed before the l imit  of  a large number  
of  i terations.  

In this letter we want to show that by interchanging 
the order  of  the two limits one arrives at a unique 
de te rmina t ion  o f  the critical tempera ture  in agree- 
ment  with the expected value. The model  we have 
examined is again the Z ( 1 0 )  two dimensional  model  
[3] with first neigbbour  interact ions governed by a 
coupling ft. We have used an update  procedure  of  the 
Swendsen -Wang-Wol f f  [4] type in order  to let the 
system to explore efficiently the ten different ground 
states (colours)  of  the broken phase. At each Monte 
Carlo i terat ion we have identif ied a cluster of  spins 
connected to a starting spin with a given colour cho- 
sen at random on the latt ice and we have appl ied to 
it the SW algori thm generalised to the case of  ten 
states spins. We have verified the agreement  of  the 
results with the s tandard Metropolis  algorithm. 

Having many flips of  the critical system between 
the two different phases requires a number  of  itera- 
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tions which grows exponent ia l ly  with the volume. We 
could then only use modera te  volumes,  L=8, 12, 16 
and 24. 

We have implemented  the finite size real space re- 
normal iza t ion  group method  descr ibed in ref. [5] 
where one s tudied the renormal iza t ion  group flow as 
a function of  the total latt ice size L for the effective 
hami l ton ian  of  block variables defined out of  site 
variables belonging to a region of  the original latt ice 
which is a .fixed fraction of  L. In previous applica-  
t ions of  the method the fraction used was small, i.e. 
the blocks conta ined a large number  of  variables.  In 
the case of  strong first order  t ransi t ions  like for the 
Z ( 1 0 )  model  we have learned that by making big 
blocks one loses the sensi t ivi ty of  the flow of  renor- 
realized couplings to the critical behaviour.  We have 
a t t r ibuted this fact to the small value of  the correla- 
tion length in the Z ( 1 0 )  model  at cri t icali ty where it 
does not exceed a few latt ice spacings: blocks much 
bigger than the correlat ion length become uncorre-  
lated and almost  insensi t ive to the underlying critical 
behaviour .  For  L = 8 ,  12 and 16 we have defined a 
lattice containing 4 X 4 block variables obta ined by 
grouping the spin in squares with sides of  2, 3 and 4 
latt ice spacings respectively. In order  to see the vol- 
ume dependence, we have also made runs with L = 16 
and 24 with 8 X 8 block variables each. We have made 
a mil l ion i terat ions with two hundred  thousand ther- 
mal isa t ion sweeps for L = 8  and 12 and up to four 

mil l ion i terat ions with one mil l ion thermal isa t ion  
sweeps for L =  16 and 24. The probabi l i ty  dis tr ibu-  
tion of  the energy and of  block variables is expected 
to be doubly peaked reflecting the coexistence of  two 
phases at criticality: a s tandard  error  analysis based 
on the assumption of  variables with a gaussian distri-  
but ion leads to false estimates.  

By grouping the iterations into clusters large enough 
and defining a single measure as the average over a 
given cluster one can ul t imately recover a gaussian 
dis tr ibut ion.  Our  errors have been obta ined  by com- 
paring runs with hot or cold starts with the statistics 
quoted above. 

We use the major i ty  rule to form block variables 
out of  site variables: we study the flow of  the variable 
C~ (block energy) defined as 

C, = Z S~S~, (1)  
</)> 

where S~ is the block spin and the sum is over first 
neighbours only, for various values of  L as a function 
of  the original coupling fl with the results repor ted in 
fig. 1: fig. l a shows the result of  renormal iz ing by a 
factor 2, 3 and 4 for L = 8, 12 and 16 respectively and 
fig. lb  those of  renormal iz ing by a factor 2 and 3 for 
L = 16 and 24. The crossing of  the points  for different 
volumes locates the critical coupling whose value 
converges with increasing L to the expected value: in 
part icular ,  from the volumes L =  16 and L = 2 4  we 
est imate 
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Fig. 1. ( a )  The flow of  coupl ing  C~ as a funct ion of f l  ob ta ined  by renormal iz ing  by a factor  2, 3 and  4 for L = 8 ,  12 and 16 respectively.  
(b )  As in ( a )  with a r enormal i za t ion  factor  2 and  3 f o r L =  16 and 24. 
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f l c = 1 . 4 2 5 ( 1 ) ;  

we have checked that by using an alternative variable 
CI-NEXT, defined as the correlation of next to nearest 
neighbour block spin, one obtains similar results. 
Through the ratio of the derivatives of the renormal- 
ized couplings at the critical point  one obtains the es- 
t imate of the thermal exponent by the standard 
formula 

log [dCl (L1) /dCl  (L2) ] 
YT = I o g ( L , / L 2 )  (2) 

The ratio of derivatives can be estimated either di- 
rectly by making a linear fit to the coupling's flow near 
the fixed point  or through the derivatives of the block 
coupling with respect to the original one which can 
be expressed as the connected correlation of the block 
coupling with the energy of the original system. By 
combining both procedures we obtain from the runs 
at L = 16 and L = 24 our best estimate for the thermal 
exponent averaged in the crossing region offl: 

yT =2.1 ( 2 ) .  

This value is consistent with the one expected for a 
first order phase transit ion [6] and with the results 
of the renormalizat ion group study described in ref. 
[2]. 

We have also estimated the magnetic exponent )"h 
by calculating connected correlations of the block 
magnetisat ion with the original one. Their ratio for 
different values L is equal to the ratio of the deriva- 
lives of a magnetic coupling rcnormalized at differ- 
ent scales which is related to the value ofyh. 

In fig. 2 we report the magnetic exponent as a func- 
tion offl: it reaches a value consistent with two  at the 
transit ion point. At higher values off l  the exponent 
remains the same indicating the persistence of a first 
order phase transit ion in the magnetic field at tem- 
peratures lower than the critical one. 

We have given evidence that by letting the system 
oscillate between the two phases of a first order phase 
Iransition at any given volume one can determine the 
transit ion temperature, without ambiguity, with a re- 
normalizat ion group study of the critical behavior. 
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Fig. 2. The magnetic exponent as a function of the temperature. 
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