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Today, | want to discuss ...
Part |

Q. How do different physical mechanisms contribute to energy and
information transfer in the inertial range of 3D turbulence?

Part Il

+ Q. What can we universally say about the nature of the information
flow in turbulence in terms of nonequilibrium statistical mechanics?

Part |l

- |deas for future research & possible collaborations: Q. What is the
universal bound on the finite-time predictability?
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Turbulence and its statistical universality
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[...] big whirls have little whirls that feed on their velocity, and little
whirls have lesser whirls and so on to viscosity [...]. Richardson (1922)
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Causality and “forgetful” in energy cascade
Small scales “forget” about large scales Frisch et al. (1978) ~

[The small scales] do not retain any 1 O DO

information which relates to their great- Q O OO0 O O

great-great-grand parents. Davidson (2013) iyt
9000009800COIDOVB0I00000 ¥
Small scales are determined by large scales | SN

“Twin" turbulent simulations with the same =

large scales exhibit synchronised small scales.
Vela-Martin (2021)

Q.1 Can we reconcile this paradox? TN
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Brief introduction of information theory
Shannon entropy

H(X) = / 4z p(z) [~ Inp(x)]

* Information of an event x € X is quantified by —In p(x).
* H(X) quantifies “average uncertainty” of a random variable X.

Quantities to quantify correlation and causality

* Mutual information I[X : Y] := [ dz p(x) In[p(z,y)/p(x)p(y)]

* Transfer entropy T'y_,y = H(YtH | Y;fk)) — H(Y;4q) | X,ED, Y%U{))
where X1V := (X,, X, 1, .., X;_pr1)

* Information flow ¥ := lim g, T Xy q Y] —I[X,: Y))
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Information flux
Discrete dynamical system Lozano-Duran & Arranz (2022)
* Time evolution Y™ = f,(Y™)

\

Information flux i
: n+1 ; Yy
Uncertainty to observe V""" is Yf\
Y
y when Y is known HKY o\
. H(Yj”+1 | Y;ﬁ) when Y, is known o Yyl
Tz};] - H(Y'jnJrl ‘ }/:{n) . i

quantifies decrease of uncertainty to

n+1
Y;

observe Y'*! by newly knowing Y;".
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Causality in energy flux time series

0 1 2
Large scale — small scale /T

* Coarse-grained velocity field u; (z) := [[|” G,(@)u;(x +r)dr

* Gaussian filter G,(x) := N exp(—|r|?/2¢?)

. R R
Reynolds stress 7, (u;, u;) = ;" — uju

* Strain rate S, := [@-ﬂf + azaf] /2 where non-diagonal part 7, ; := 7, — 6;,7;,./3
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Causality in energy flux time series

Two-time correlation Information flux
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Summary 1 Information flux captures the forward scale-local

causality, which two-time correlation function cannot.
Lozano-Duran & Arranz (2022)
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Overview of my approach

A = 2407 A =120

§ Physical Mechanisms of Energy/Information Transfer

Turbulence dataset

* Time-resolved HIT @QUPM
* Taylor-scale Re, = 315
Resolution N° = 1024°
Length T, /T, = 66

# of sample: NV,

= 9(10?)
Linear forcing at low k

ample

Cardesa et al. (2017)
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Lagrangian tracking of space-local energy flux

NE2
Lit+1 -+ Ailil -+ AZL‘Q

x; + .Ang ~= .A.Lg
/)'} i
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L} v‘&
:
Z; IS ¥ T
) £

At time t = T” , f,‘ + —\‘Tl —+ AT_) At time ¢t = f.,qu, 3 f,‘Jrl -+ ATL - AT_}

1. Compute space-local average of energy flux at «.

2. Advect z — x + Ax & compute the same quantity at smaller scale.
3. Repeat 1-2 to construct the Lagrangian dataset.
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Scale-local information flux

Information flux

large Future var. small —

<—

« large Current variables small —
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Lagrangian information flux

)
— lalrge Current var. small — T;Zj/;—lujj)

+ large Future var. small —

Summary 2 Lagrangian dataset captures the scale-local
information flux without the self-induced ones.
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Physical mechanisms of energy cascade

Q. 2 What is the physical mechanism of the information flow?

Vortex stretching (VS) % Strain Self-Amplification (SSA)

Note: The physical mechanism of the cascade is still an open question.
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Decomposed energy flux
H — _,?-£< . ))s_e A sl o wl s2 0O w2 Vv ¢ total

=+ o

« Scale-local SSA
M= 25,55, 5},

« Scale-local VS

B ._ 205t ot r
Hw g S’L] J/4 —0.25 T T T e T
< small 26/ large —
Summary 3 II¢, > II°,: SSA transfers more energy to smaller
scales than VS in the inertial range. Johnson (2021)
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Decomposed energy flux
« Scale-nonlocal SSA Asl 0wl 082 Dwl v o » tow

I, :[ﬁdozSe 5( S5 S0

« Scale-nonlocal VS

1.001

095 SN SN N S
? 10! 102

< small 26/ large —

Summary 4 I1¢, = II*,: Nontrivial relation in nonlocal terms.

= V02 — o, w; = €30 uy, Q= |Ou; — Ou,] /2 Johnson (2021)
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Information flux associated with different mechanisms
Local VS 11,

Local SSA.
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Discrepancy between energetic and causal mechanisms

Energy flux Information flux
A sl o wl s2 O w2 V ¢ total ; ; ;
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Summary 6 The most energetic mechanism = the most causal
mechanism (and vice versa)
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Estimation method dependency
Direct binning

(# of bin = 10)

Direct binning
(# of bin = 30)

k-NN (k£ = 15)
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Synthetic-Unique-Redundant Decomposition (SURD)
Martinez-Sanchez et al. (2024)

Consider decomposing information flux from Q;(¢) to Q;(t + At):

}{(62 't_FZSt 25:13 1—] +_§E:‘ﬁ‘z—m 2{: %_ZXIkﬂk—%j

1eC el

Redundant Unique Leak

ATR ATV NN
@ | @-@ 2= (@)
@y = @ Unobserved var.

Results to be presented at EFDC2 @Dublin!
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Information-
Thermodynamic Nature of
Information Flow in
Turbulence




Stochastic thermodynamics (ST)
Thermodynamics for microscopic systems

with thermal fluctuations 7
9
» (Underdamped) Langevin equation Ser
Tr = —laj‘ -+ F(x’ t) — 2/}/T g(t) Thermal bath
m

T Fluctuation-dissipation relation
p: probability, F'(x,t): External force, £(t): Noise Tanogami et al. (2023)

~: Friction coefficient, m: Mass, T':Temperature

« Second law of ST

References
dS : - Peliti & Pigolotti (2021)
il Seny = 0 . Shiraishi (2023)
T Environments entropy change + Tasaki (2023)
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Information thermodynamics (ITD)

Thermodynamics for microscopic N
subsystems with information exchange //" ’ ( )

4
Second law of ITD (Shiraishi 2023) S i L

Thermal bath

ds* . : -
— + SX > IX< Information flow Tanogami et al. (2023)

T Environment’s entropy change

X <0

Example: Maxwell's demon

* Can reduce entropy — Violate the second
law of thermodynamics
- Demon has to measure & feedback

— Satisfy the second law of ITD
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Fluctuating Navier-Stokes equations (FNS eqs)

Explicitly taking thermal fluctuations into account

ou 1
—+(u-Vu=—-Vp+vViu+f+V:'s
ot 0
In Fourier space,
o = By (@, @*) — vkt + f, + I
* u,,: Fourier-space velocity atmode &k  * T': Temperature
* v: Kinematic viscosity * kg: Boltzmann constant

* p: Mass density

o a(s 5%\ . :1cfsab  k%K° SlcH
Bi(u,u*) := —ik (5 = )Zpﬂ kupuq Nonlinear term
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Recent findings on the importance of thermal noise
Thermal fluctuations

- dominate the far dissipation range with Cue?/ e
energy equipartition (Bandak etal. 2022) %

- are amplified to the largest scales in =
finite time (Bandak et al. 2024) S

- inhibit intermittency in compressible I e"f”’“”“.d
turbulence (Srivastava et al. 2025) PR L
Summary 7 Thermal fluctuations SRS
impact dynamics and statistics of S 2 it e
turbulence. I e

. a1
k,,m

§ Information-Thermodynamic Nature of Information Flow in Turbulence

ARAKI@University of Roma April 15, 2025



Information flow from large- to small-scale velocities
Divide full velocity field {@, 4*} into '

,IK,,
{u,u*} =Uir UUg U;/ \U

* Largescalemodes U for |[k| < K & oo oo
Tanogami (2024)

* Small scale modes U for |k| > K

U< U>)
Mutual information I[U, Uz | := <1n p(Ug, Uk >
e pi (Ug)p; (Ug)

Information flow

P> s iy LUR®) Ut +d)] — IUR(?) : Uk (?)]
K dtH\nO dt

When I7. > 0, small scales gain information about large scales.
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Information-thermodynamic bound of information flow

. . N |
In (nonequilibrium) steady state “s —
* For wavenumber K in the inertial range 2wl / T ensik
\:Cé
_ _ Qo.s
Information flow is bounded by =3 o Steneebgoooos
Vg 107 107% 1072 [(10’1 10° 0! 102
PPE > 12 > 0. CR— ’
kBT 100f 5 High Re
75L —~— Low Re
T Environment’s entropy change t\‘% sof L ij%“@
g m 0.0 = . ) . D_,g.ﬁ_
Summary 8 Positive (macro — O B
micro) information flow, bounded by
the second law of ITD, exists in V- Volume of fluid.
turbulence. (Tanogami & Araki 2024a) e: energy dissipation rate
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Sketch of the proof: Information flow
1. Consider the Fokker-Planck equation corresponding to FNS egs.

o . 9 o
Dy 3 [ i) o]

keXK~+
Jp (@, @) = |By(@,4%) — vk*@y, + fi.|p, (@, @)

_1uk2kBT 1_@ 0
Viop

fe2
XK *: Set of independent Fourier modes, By (u,

2. Define systems Shannon entropy

*): Nonlinear term for mode k

>
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Sketch of the proof: Information flow
3. Define environment’s entropy change (due to viscous & thermal noise)

. oV | . -, 20k? kT ~
S s zk: QkBT <’u, O VkQ’U/k — \/ p B €k2 —|— C.C.

4. Show the second law of stochastic thermodynamics

d R .
g = &S[’&,U*] —+ Senv Z 0

5. Derive the second law of information thermodynamics

d . .
Y o= SURI+ S5, > Ik
keXt k>K di

where d,S[U7] = 0 (NESS) & S>

env

— pVe/kgT as K /k, — 0.
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Fluctuating Sabra shell model (FSS model)

One-dimensional caricature of the fluctuating NS egs.

ou 2wk2kpT
n o __ * 2 B
B, (u,u*) =ik -1y C 41k
n\U, U ) =1 n+1un+2un+1 9 nun+1un—1 9 n—1Un—1Upn_2
]\]‘ ‘k‘f ky
e S i S S
“ . 2] N:: 1079
* u,:1D “velocity” at wavenumber k, < 3
" . 55 10717 Case |
* u): complex conjugate of u,, I A e
10725

* k,, = ky2™: wavenumber

§ Information-Thermodynamic Nature of Information Flow in Turbulence

—o— (ase I

Tanogami & Araki (2024a) k7
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Information flow and turbulence fluctuations
For FSS model,

Assumption
PDF of the Kolmogorov multiplier

Rp *= ’un/un—lleiAn

T T R U T
is universal and independent of n. K/k,
Tanogami & Araki (2024b)

A, =argu, —argu, | —argu,,_ o

Statement Summary 9 Information flow
1 .
: v is bounded by turbulence
I><C'K<u p>pfor > 1]
K=" | "K‘ P fluctuations.
where C,isa universal constant. (Tanogami & Araki 2024b)
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Sketch of the proof: Information flow & velocity fluctuations
1. Consider the Fokker-Planck equation corresponding to the large-

scale modes U := {u,,,u’ | 0 < n < ng} of the FSS model

9 (U<)—§:—iJ (Uz) — c.c.|,
ottt K _n:O ou,, K

Jo(Ug) = [B,(Ug) + f,]p(Ug),

B (US) = / AU B, (u, u*)p, (U2 |US).

2. Impose assumption: PDF of the Kolmogorov multiplier
R "= |un/un—1 ’eiAn

is universal and independent of n — FP eq. is closed with U ;.
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Sketch of the proof: Information flow & velocity fluctuations

3. Show the equivalence between scale-to-scale information flow 17
and phase-space contraction rate

I7 = <Z<8i B (Uf()) + C.C.> for by <K K < k.

4. Show that I3 is upper bounded by the velocity structure function
- p\ 1/P .
I < CpK<|unK‘ > for p > 1 by using

* Kolmogorov multiplier z,,
* Divergence of the “effective” nonlinear term B, (U )
+ Holder inequality (fg) < (fP)YP (g with1/p+1/¢ =1
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Scale locality of information flow
Assumption: For FSS model,

Scale-local information flow

I[U[}/ZK] () : Uppe apq)(t+ dt)] - [[U[}/Q,K] (1) : Upge ax (t)]

I’>, local .— lim
K dt \,0 dt
Tr
/ \ Summary 10 Information
Uz Uy ) .
- - ~ - - ~ flow is local in scale:
—_— .. -9 ° o . ° *~— - ——o—>
ko ki krng—2kng—1 Knyx Eng+1bng+2kng+s  kn-1 kn ]'—> -~ ]'->, local
— K~k
U;/Ll U[K/QDK} U[QKAK} U4>K

\ / (Tanogami 2024)

Tanogami (2024) I}gcal
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Sketch of the proof: Scale locality
1. Decompose the information flow in scale local/nonlocal parts:

iz =i ocal i nonlocal
= Iox 4 Uik 2.7 Ui axq]
"|_j[2K,4K] [Uf(/4 Uk ak | U[K/Q,K]] - j.r<< [UI<( :Ulx | U[2K,4K]]
2. Show ultraviolet locality (no direct influence from high-wavenumber modes)
I [UI<< Uk | U[2K,4K]] = 0.
3. Show infrared locality (no direct influence from low-wavenumber modes)

j[2K,4K] [Ul<(/4 3 U[2K,4K] | U[K/Z,K]] =0

with the Kolmogorov multipliers assumption.
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Data assimilation (DA) and chaos synchronisation

* Master: 0,u" (x,t) = Navier-Stokes eq.

y . 0,u (x,t) = Navier-Stokes eq.
s Z!k\gka u' (k1)

* .~ synchronises with " for k_,n > 0.2

n: Kolmogorov scale
(Inubushi et al. 2023, Yoshida et al. 2005)

Q. 3 Can we understand the DA

threshold k7 = 0.2 by means of
“information flow?

Master

90 S| om0 @

©
(e o K<,
CICING)

Evolve l

@@@@@

@@?@3@@

B(E)/(°7?)

Identical or
Independent?

0.1
kn
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Butterfly effect and spontaneous stochasticity
Butterfly effect (sensitivity on initial condition)

..slightly differing initial states can evolve into considerably
different states.

— Lorenz EN. 1963. Deterministic nonperiodic flow. Journal of the Atmospheric Sciences. 20(2):130-41

Spontaneous stochasticity (“real” butterfly effect)

.. two states of the system differing initially by a small
“observational error” will evolve into two states differing as greatly
as randomly chosen states of the system within a finite time
interval, which cannot be lengthened by reducing the amplitude
of the initial error.

= Lorenz EN. 1969. The predictability of a flow which possesses many scales of motion. Tellus. 21(3):289-307
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Spontaneous stochasticity in turulence

Numerical simulation of shear layer Exponential

10%4 102 foeme e
0.03 | ) | S
= 000\ HE NG \G § 958 6 gme St \ S\ 107
—0.034 , , , , S
Wi = U(S(y>7 Wo = [1 T 577<$)]U5(y) 105 o
e < 1:small parameter, n(x): perturbation profile 107% 53}“1134:
Time series of error energy E = Hul — ”LLQH 0 1T 10 T§10‘—2 10~ 10[" 10!
t

1. c-dependent exponential divergence
Thalabard S, Bec ], Mailybaev AA. 2020. From the

butterfly effect to spontaneous stochasticity in

+ Ruelle regime (Ruelle 1979) _ s stochastic
singular shear flows. Communications Physics. 3(1):122

2. Universal linear growth for ¢t > @(10°)

independent of initial error
« Lorenz-Kraichnan-Leith regime

§ Ideas for Future Research

References: Bandak
(2023), Palmer (2024)
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Intrinsic limit of data assimilation in fluctuating hydrodynamics

* Successful DA threshold: k,n > 0.2
(Inubushi et al. 2023, Yoshida et al. 2005)

« Thermal fluctuations reach maximum
scale in finite time (Bandak et al. 2024)

- How do deterministic and fluctuating
NS differ for DA?

- How do spontaneous stochasticity and
DA relate?

Q. 4 Can we seek universal
prediction boundary of DA from
fluctuating hydrodynamics?

Master

@@/
G)a

Evolve l

Identical or
Independent?

§ Ideas for Future Research ARAKI@University of Roma
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Other research ideas on “Information hydrodynamics”

Q. 5 Information flow in 2D turbulence (Nakano et al. 2025)

Q. 6 Information-thermodynamic nature of thermal-noise-
driven laminar-turbulent transition (Li et al. 2020)

Q. 7 Validation of the fluctuation theorem in fluctuating Navier-
Stokes equations (Yao et al. 2023)
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Appendix




Turbulence model which preserves information
Reynolds stress model

iy = Oy (B)f1 (@, 1)A%[S]Si; + () (. 1)A% (S5 — QupSyy)

1

where S := (Vu+ Vu')/2,2:= (Vu—Vu') /2 A: grld resolution

Energy flux 10°) ]
T = (ugt; — 0;05) S, 10'2 / "
_QVS’LJSZJ —+ TZJSZJ |§10-4
Modeling assumption '0'6
p<F1) ~ p(r2fy> /fy ]0_?2:0 10 0 10 20
_ 2/3 Livi/o
with scale factor = (Al/A2> Lozano-Duran & Arranz (2022)
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Information-Preserving SubGrid-Scale (IP-SGS) model

* “Similar PDF” = minimum —rozano-Duran & Arranz (2022)

Kullback-Leibler divergence :
* To estimate C,(t) & f,(x,t), find §1°2

Cy, f; = arg g:l% KL(fl | fQV) %10-4

3 |

Deficits of IP-SGS e W
* A priori parameter « for

v = (A,/ A1>a exists Kullback-Leibler divergence
« No consideration of the near- KL(P|Q) := / dz p(z) In %

wall behaviour
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Local equilibrium hypothesis in terms of information theory
Instead of PDF similarity, we consider

Computatlon domain Model domain

Local equilibrium hypothesis (LEH)

Instantaneous local balance of
energy fluxes at different scales:

(Prg +ers), ~ (Pas + €as), Ly e

GS Wavenumber &

Energy spectrum E(k)

GS: Grid Scale at ¢, TS: Test scale at /,, v: small domain

Information-theoretic redifinition of LEH Mutual information

“Similar PDF’ = maximum mutual information I[P:Q]: //dwdyp =Y )

maXI[PTS —+ Erg - PGS + €Gs]
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Detailed procedure of IP-CSM

Spatio-time dependent coefficient T -

fi(x, t) = |FCS|%7 fulx,t) = |FCS|2 function  (Kobayashi 2005)
— applicable to wall-bounded flow P = (285 = 5,55,5) /2
o - (QijQij + S’ijsij)/2

Time-dependent parameter
C,,C, =argmax I'; : T'5(Cy,CY)l.

C17C4 10° g7 — ]
— DNS(GS) |

104 C —— Smagorinsky 4

el _— CSM ]

103 ? ~‘~.~~ IP-CSM ;

102}

Summary 11 IP-CSM attains similar

10t E

E/ (e

performance against existing SGS
models. -

L
102 100
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Detailed procedure of IP-CSM

. 1. Compute I'; from GS quantities and I, (C, C,,) using model quantities

— .t gt 4y
I'y = /—(uielujel — uj£1 )Sij + epg dv
v

mo ﬂ2—£2 mo 62
E [5(Ch, Cy) = /Tffl ’ Sy~ — Tfjl ‘ bij +éegs dv
\/ : vV A A —
2. Evaluate time-dependent C, ) using gradient descent method

C..C, = I, : I',)=
1a4arggll:?gi 1 2

* 3. Estimlate the SGS stress — evolve LES

5| || Feg? A2|S|S;; HO || Fos? A2(S;:0%; — QukSk;)

1
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